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 a b s t r a c t

Pattern completeness is the property that the left-hand sides of a functional program cover all cases 
w.r.t. pattern matching. In the context of term rewriting a related notion is quasi-reducibility, a 
prerequisite if one wants to perform ground confluence proofs by rewriting induction.
 In order to certify such confluence proofs, we develop a novel algorithm that decides pattern 
completeness and that can be used to ensure quasi-reducibility. One of the advantages of the 
proposed algorithm is its simple structure: it is similar to that of a regular matching algorithm 
and, unlike an existing decision procedure for quasi-reducibility, it avoids enumerating all terms 
up to a given depth. The algorithm has an asymptotic optimal complexity, as it exhibits a co-NP 
behavior.
 Despite the simple structure, it is not immediate to either prove the correctness of the algo-
rithm or the co-NP behavior. Therefore we formalize the algorithm and verify its correctness using 
the proof assistant Isabelle/HOL. To this end, we not only verify some auxiliary algorithms, but 
also design an Isabelle library on sorted term rewriting. Moreover, we export the verified code 
in Haskell and experimentally evaluate its performance. We observe that our algorithm signif-
icantly outperforms existing algorithms, even including the pattern completeness check of the 
GHC Haskell compiler.

1.  Introduction

Consider programs written in a declarative style such as functional programs or term rewrite systems (TRSs), where evaluation is 
triggered by pattern matching. In many applications it is important to ensure that evaluation of a given program cannot get stuck – 
this property is called quasi-reducibility [2] in the context of TRSs or pattern completeness in the context of functional programming. 
For instance in Isabelle/HOL [3], in a function definition the patterns must cover all cases (in addition to termination), since HOL is 
a logic of total functions. Moreover, automated theorem proving methods that are based on rewriting induction [4,5] require similar 
completeness results, e.g., for proving ground confluence.
Example 1. Let ℕ = {𝗍𝗋𝗎𝖾 ∶ 𝔹, 𝖿𝖺𝗅𝗌𝖾 ∶ 𝔹, 𝟢 ∶ ℕ, 𝗌 ∶ ℕ → ℕ} be the set of constructors to represent the Booleans and natural numbers 
in Peano’s notation. We consider a TRS ℕ that defines a function 𝖾𝗏𝖾𝗇 ∶ ℕ → 𝔹 to compute whether a natural number is even. 

𝖾𝗏𝖾𝗇(𝟢) → 𝗍𝗋𝗎𝖾 𝖾𝗏𝖾𝗇(𝗌(𝟢)) → 𝖿𝖺𝗅𝗌𝖾 𝖾𝗏𝖾𝗇(𝗌(𝗌(𝑥))) → 𝖾𝗏𝖾𝗇(𝑥) (1)
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$\CC _\nats = \{\Ftrue : \bool ,\;\Ffalse : \bool ,\;\Fz : \nats ,\;\Fs : \nats \to \nats \}$


$\RR _\nats $


$\Feven : \nats \to \bool $


\begin {xalignat}{3} \label {nat} \Feven (\Fz ) &\to \Ftrue & \Feven (\Fs (\Fz )) &\to \Ffalse & \Feven (\Fs (\Fs (x))) &\to \Feven (x)\end {xalignat}


$n$


$\Feven (n)$


$n$


$\Feven (\Fs (\Ftrue ))$


$x > 0$


$\cS $


$A$


$a$


$\sort \in \cS $


$a : \sort \in A$


$\FF $


$f$


$\sorti _1,\dots ,\sorti _n,\sorto \in \cS $


$f : \sorti _1\times \dots \times \sorti _n \to \sorto \in \FF $


$\FF $


$\VV $


$\TT (\FF ,\VV )$


$x : \sort \in \TT (\FF ,\VV )$


$x : \sort \in \VV $


$f(\term _1,\dots ,\term _n) : \sorto \in \TT (\FF ,\VV )$


$f : \sorti _1\times \dots \times \sorti _n\to \sorto \in \FF $


$\term _1 : \sorti _1, \dots , \term _n : \sorti _n \in \TT (\FF ,\VV )$


$\term $


$\Var (\term )$


$\TT (\FF )$


$f$


$A$


$B$


$f : A \to B$


$f(a) : \sort \in B$


$a : \sort \in A$


$\subst : \XX \to \TT (\FF ,\VV )$


$\XX $


$\term \subst \in \TT (\FF ,\VV )$


$\term \in \TT (\FF ,\XX )$


$x$


$\subst (x)$


$\sigma \delta $


$\sigma $


$\delta $


$\term (\sigma \delta ) = (\term \sigma )\delta $


$[x \mapsto t]$


$x$


$t$


$y[x \mapsto t] = y$


$x \neq y$


$\ell : \sort \in \TT (\FF ,\XX )$


$t : \sort \in \TT (\FF ,\VV )$


$\subst : \XX \to \TT (\FF ,\VV )$


$\ell \subst = t$


$\ell \to r$


$\ell \sigma $


$r\sigma $


$\FF $


$\CC $


$\DD $


$\CC $


$\DD $


$\TT (\CC )$


$\sz {\sort }$


$\sort \in \cS $


$\sz {\{\term \mid \term : \sort \in \TT (\CC )\}}$


$\sz {\sort } > 0$


$\sort $


$\sz {\sort }$


$f(t_1,\dots ,t_n)$


$f : \sorti _1 \times \dots \times \sorti _n \to \sorto \in \DD $


$t_1:\sorti _1,\dots ,t_n:\sorti _n \in \TT (\CC ,\VV )$


$\TT _B(\CC ,\DD ,\VV )$


$L$


$t \in \TT _B(\CC ,\DD ,\emptyset )$


$\ell \in L$


$L$


$T$


$T$


$L$


$L$


$L$


$T := \{f(x_1,\dots ,x_n) \mid f : \sorti _1 \times \dots \times \sorti _n \to \sorto \in \DD \}$


$x_1,\dots ,x_n$


$L$


$T$


$L$


$L$


$t \in \TT _B(\CC ,\DD ,\emptyset )$


$\ell \in L$


$t$


$t$


$\DD $


$\CC _\ints = \{\Ftrue : \bool ,\Ffalse : \bool , \Fz : \ints ,\Fs : \ints \to \ints ,\Fp : \ints \to \ints \}$


$\Fp (\Fz )$


$-1$


$\RR _\ints $


$\DD = \{\Feven : \ints \to \bool \}$


$\RR _\nats $


\begin {xalignat}{3} \Feven (\Fp (\Fz )) &\to \Ffalse & \Feven (\Fp (\Fp (x))) & \to \Feven (x) \label {int}\\ \Fs (\Fp (x)) &\to x &\Fp (\Fs (x)) &\to x \label {cons}\end {xalignat}


$\Feven (n)$


$n : \ints \in \TT (\CC _\ints )$


$n$


$\Fs $


$\Fp $


$n$


$\Fs ^i(\Fz )$


$\Fp ^i(\Fz )$


$\Feven (\Fs (\Fp (\Fz )))$


$\ma {t}{\ell }$


$t \in \TT (\FF ,\VV )$


$\ell \in \TT (\FF ,\XX )$


$mp$


$\sigma : \VV \to \TT (\CC )$


$\gamma : \XX \to \TT (\FF )$


$t\sigma = \ell \gamma $


$\ma {t}{\ell } \in mp$


$pp$


$\sigma : \VV \to \TT (\CC )$


$mp \in pp$


$mp$


$\sigma $


$pp$


$L$


$T$


$P = \{\{\{\ma {t}{\ell }\} \mid \ell \in L\} \mid t \in T\}$


$f(x_1,\dots ,x_n)$


$L$


$\{\{\ma {t}{\ell }\} \mid t \in \{f(x_1,\dots ,x_n),x_1,\dots ,x_n\},\ \ell \in L \}$


$L$


$\DD $


$P = \{ \{ \{ \ma {f(x_1,\dots ,x_n)}{\ell }\} \mid \ell \in L\} \mid f : \sorti _1 \times \dots \times \sorti _n \to \sorto \in \DD \}$


$\{\ma {t_1}{\ell _1}, \dots , \ma {t_n}{\ell _n}\}$


$\ell _i$


$\Var (\ell _i) \cap \Var (\ell _j) = \emptyset $


$i \neq j$


$pp$


$mp\in pp$


$pp$


$pp$


$pp$


$pp_1, \dots , pp_n$


$pp$


$pp_i$


$pp_i$


$pp_1,\dots ,pp_n$


$pp$


$pp_1, \dots , pp_n$


$\topmp $


$\botpp $


$\topP $


$\topmp $


$\botpp $


$\botmp $


$\toppp $


$\mstep $


\begin {align*}\{\ma {f(t_1,\dots ,t_n)}{f(\ell _1,\dots ,\ell _n)}\} \uplus mp & \mstep \{\ma {t_1}{\ell _1},\ldots ,\ma {t_n}{\ell _n}\} \cup mp \tag {decompose}\\ \{\ma {t}{x}\} \uplus mp & \mstep \parbox {2cm}{$mp$} \quad \text {if}\ \forall \ma {s}{\ell } \in mp.\ x \notin \Var (\ell ) \tag {match}\\ \{\ma {f(\ldots )}{g(\ldots )}\} \uplus mp & \mstep \parbox {2cm}{$\botmp $} \quad \text {if $f \neq g$} \tag {clash}\end {align*}


$\Rightarrow $


\begin {align*}\{mp\} \uplus pp & \Rightarrow \parbox {2cm}{$\{\{mp'\} \cup pp\}$} \qquad \text {if}\ mp \mstep mp' \neq \botmp \tag {simp-mp}\\ \{mp\} \uplus pp & \Rightarrow \parbox {2cm}{$\{pp\}$} \qquad \text {if}\ mp \mstep \botmp \tag {remove-mp}\\ \{\topmp \} \uplus pp & \Rightarrow \topP \tag {success}\\ pp & \Rightarrow \parbox {2cm}{$\Inst (pp,x)$} \qquad \text {if}\ \ma {x}{f(\ldots )} \in mp \in pp\tag {instantiate}\end {align*}


$pp$


$x : \sorto \in \VV $


$\Inst (pp,x)$


$pp\sigma _{x,c} = \{\{\ma {t\sigma _{x,c}}{\ell } \mid \ma {t}{\ell } \in mp \} \mid mp \in pp \}$


$c : \sorti _1\times \dots \times \sorti _n\to \sorto \in \CC $


$\sigma _{x,c} = [x \mapsto c(x_1,\dots ,x_n)]$


$x_1 : \sorti _1,\dots ,x_n:\sorti _n \in \VV $


$\{ \ma {t}{x} \} \mstep \emptyset = \topmp $


$\{ mp \} \Rightarrow \{ \emptyset \} = \{ \botpp \}$


$mp \mstep \botmp $


$\ndpstep $


$pp \ndpstep pp'$


$pp \Rightarrow P$
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$pp \ndpstep \toppp $


$pp \Rightarrow \topP $
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$x$


$x : \sorto \in \VV $


$c(x_1,\dots ,x_n)$


$c : \sorti _1 \times \dots \times \sorti _n \to \sorto \in \CC $


$\to $


$\to ^*$
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$x \to ^! y$
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$y \ndpstep z$


$pp$


$pp \ndpstep ^! \botpp $


$\ndpstep $


$pp \Rightarrow P'$


$pp$
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$pp \ndpstep pp'$


$pp'$


$pp$


$pp \ndpstep ^! pp'$


$pp' \in \{\toppp ,\botpp \}$
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$pp\ndpstep ^! \botpp $


$\toppp $


$\botpp $
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$mp \mstep mp'$
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$\sigma $


$mp'$


$\botmp $


$\topmp $


$\sigma _{x,c} = [x \mapsto c(x_1,\dots ,x_n)]$


$x_1,\dots ,x_n$


$\mes {t}{\ell }$


$\ma {t}{\ell }$


$\mes {x}{\ell }$


$\ell $


$\mes {f(t_1,\dots ,t_n)}{f(\ell _1,\dots ,\ell _n)} = \sum _{i = 1}^n \mes {t_i}{\ell _i}$


$\mes {t}{\ell } = 0$


$\measfd {pp} = \sum _{\ma {t}{\ell } \in mp \in pp} \mes {t}{\ell }$


$\ndpstep $


$\ndpstep $
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$pp \ndpstep ^! \botpp $
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$pp \ndpstep ^! \botpp $
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$pp \ndpstep ^! \botpp $
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$pp'$


$pp \ndpstep pp'$
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$P$


$pp' \in P$


$pp \Rightarrow P$
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$pp$


$pp'' \in P$


$pp'' \ndpstep ^! \botpp $


$pp \ndpstep pp'' \ndpstep ^! \botpp $


$\RR _\nats $


$\ndpstep $


$pp = \{\{\ma {\Feven (y)}{\Feven (\Fz )}\}, \{\ma {\Feven (y)}{\Feven (\Fs (\Fz ))}\}, \{\ma {\Feven (y)}{\Feven (\Fs (\Fs (x)))}\} \}$


$\{\{\ma {y}{\Fz }\}, \{\ma {y}{\Fs (\Fz )}\}, \{\ma {y}{\Fs (\Fs (x))}\} \}$


$\{\{\ma {\Fz }{\Fz }\}, \{\ma {\Fz }{\Fs (\Fz )}\}, \{\ma {\Fz }{\Fs (\Fs (x))}\} \}$


$\{\topmp , \botmp , \botmp \}$


$\toppp $


$y / \Fz $


$\{\{\ma {\Fs (z)}{\Fz }\}, \{\ma {\Fs (z)}{\Fs (\Fz )}\}, \{\ma {\Fs (z)}{\Fs (\Fs (x))}\} \}$


$\{\botmp , \{\ma {z}{\Fz }\}, \{\ma {z}{\Fs (x)} \} \}$
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$z / \Fz $


$\{\{\ma {\Fs (y)}{\Fz }\}, \{\ma {\Fs (y)}{\Fs (x)}\} \}$


$\{\botmp , \topmp \}$


$\toppp $


$z / \Fs (y)$


$y / \Fs (z)$


$\phi $
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$c_i$


$x_j$


$\neg x_j$


$j$


$\phi $


$\Ftrue $


$\Ffalse $


$\Ff : \bool \times \ldots \times \bool \to \bool $


$n$


$\RR _\phi $


$m$


$i$


$\ell _i := \Ff (t_{i1},\dots ,t_{in}) \to \Ftrue $


$t_{ij}$


$\Ffalse $


$x_j \in c_i$


$\Ftrue $


$\neg x_j \in c_i$


$x_j$


$n = 5$


$c_2 = \{\neg x_1, x_3, x_4\}$


$\ell _2 = \Ff (\Ftrue ,x_2,\Ffalse ,\Ffalse ,x_5)$


$n\times m$


$\alpha : \{x_1,\dots ,x_n\} \to \bool $


$\Ff _\alpha $


$\Ff (\alpha (x_1),\dots ,\alpha (x_n))$
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$c_i$


$\alpha \models c_i$


$\Ff _\alpha $


$\ell _i$


$\phi $


$\RR _\phi $


$\RR _\phi $


$pp_\phi := \{\{\ma {f(x_1,\dots ,x_n)}{\ell _1}\}, \ldots , \{\ma {f(x_1,\dots ,x_n)}{\ell _m}\}\}$


$\phi $


$pp_\phi $


$\symbols (t)$


$t$


$\symbols (x) = \{x\}$


$x \in \XX $


$\symbols (f(t_1,\dots ,t_n)) = \{f\} \cup \symbols (t_1) \cup \ldots \cup \symbols (t_n)$


$t$


\begin {equation*}\tsymbols (pp) := \bigcup _{\ma {t}\ell \in mp \in pp} \symbols (t)\end {equation*}


\begin {equation*}\meassize {pp} := |\tsymbols (pp)|\end {equation*}


$pp \Rightarrow P$


$pp' \in P$


$pp \Rightarrow P$


$\tsymbols (pp) \supset \tsymbols (pp')$


$\meassize {pp} > \meassize {pp'}$


$\measfd {pp} \geq \measfd {pp'}$


$pp \Rightarrow P$


$\measfd {pp} > \measfd {pp'}$


$\meassize {pp} \leq \meassize {pp'}$


$\meassize {\cdot }$


$\measfd {\cdot }$


$\meassize {\cdot }$


$x$


$c(x_1,\dots ,x_n)$


$n$


$\CC $


$x$


$\measdup {\cdot }$


$\measpat {\cdot }$


\begin {equation*}\measdup {pp} := \max \{ \mcount (x,\tsymbols (pp)) \mid x \in \XX \}\end {equation*}


$\mcount (x,M)$


$x$


$M$


$\measparam \in \nats $


$\measparam $


$\measparam $


\begin {align*}\measpat {pp} := (\measparam + \measfd {pp}) \cdot ( \measdup {pp} \cdot \mA + 1) + \meassize {pp}\end {align*}


$\mA $


$\CC $


\begin {equation*}\measSize {pp} := \sum _{\ma {t}{\ell }\in mp\in pp} (\sz {t}+\sz {\ell })\end {equation*}


$\measpat {pp}$


$\measSize {pp}$


$\max \,\{\measfd {pp},\measdup {pp},\meassize {pp}\} \leq \measSize {pp}$


$\bgroup \mathopen {}\originalleft |pp\originalright |\mathclose {}\egroup _{\alpha ,\protect \text  {\protect \sf  pat}}$


$\bgroup \mathopen {}\originalleft |pp\originalright |\mathclose {}\egroup _{\protect \text  {\protect \sf  size}}$


$\measpat {pp} \leq (\measparam + \measSize {pp}) \cdot (\measSize {pp} \cdot \mA + 2)$
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$\mcount (x_i,\tsymbols (pp')) = \mcount (x,\tsymbols (pp))$
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$x$


$c(x_1,\dots ,x_n)$


\begin {align*}\measpat {pp} & = (\measparam + \measfd {pp}) \cdot ( \measdup {pp} \cdot \mA + 1) + \meassize {pp} \\ & \geq (\measparam + \measfd {pp'} + 1) \cdot (\measdup {pp} \cdot \mA + 1) + \meassize {pp} \\ & = (\measparam + \measfd {pp'}) \cdot (\measdup {pp} \cdot \mA + 1) + \meassize {pp} + \measdup {pp} \cdot \mA + 1 \\ & > (\measparam + \measfd {pp'}) \cdot (\measdup {pp} \cdot \mA + 1) + \meassize {pp} + \measdup {pp} \cdot \mA \\ & \geq (\measparam + \measfd {pp'}) \cdot (\measdup {pp} \cdot \mA + 1) + \meassize {pp'} \\ & \geq (\measparam + \measfd {pp'}) \cdot (\measdup {pp'} \cdot \mA + 1) + \meassize {pp'} \\ & = \measpat {pp'} \qquad \qedhere \end {align*}
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$\measpat {pp} \ge \measpat {pp'} + n$
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$pp$


$\measapat 0{pp}$


$\measSize {pp} \cdot (\measSize {pp} \cdot \mA + 2)$


$\measapat 0{pp}$


$\ndpstep $


$\Pstep $


$\botP $


\begin {align*}\{pp\} \uplus P & \Pstep P' \cup P \quad \text {if}\ pp \Rightarrow P'\tag {simp-pp}\\ \{\botpp \} \uplus P & \Pstep \botP \tag {failure}\end {align*}
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$\Pstep $


$\Pstep $
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$\Pstep $


$\Pstep $


$P \Pstep P'$
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$pp' \in P'$
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$P \Pstep ^! P'$


$P' \in \{\topP ,\botP \}$
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$\{pp\} \Pstep ^! P$


$pp$


$P = \topP $


\begin {align*}&\{\,\{\{\ma {\Feven (y)}{\Feven (\Fz )}\}, \{\ma {\Feven (y)}{\Feven (\Fs (\Fz ))}\}, \{\ma {\Feven (y)}{\Feven (\Fs (\Fs (x)))}\} \}\,\} \\ &\begin {array}{@{\quad }l@{\ }l} \Pstep ^*{}& \{\,\{\{\ma {y}{\Fz }\}, \{\ma {y}{\Fs (\Fz )}\}, \{\ma {y}{\Fs (\Fs (x))}\} \}\,\} \\ \Pstep & \{\,\{\{\ma {\Fz }{\Fz }\}, \{\ma {\Fz }{\Fs (\Fz )}\}, \{\ma {\Fz }{\Fs (\Fs (x))}\} \},\\\
& \phantom {\{\,}\{\{\ma {\Fs (z)}{\Fz }\}, \{\ma {\Fs (z)}{\Fs (\Fz )}\}, \{\ma {\Fs (z)}{\Fs (\Fs (x))}\} \} \,\} \\ \Pstep ^*& \{\,\{\topmp , \botmp , \botmp \},\ \\ & \phantom {\{\,}\{\botmp , \{\ma {z}{\Fz }\}, \{\ma {z}{\Fs (x)} \} \}\,\} \\ \Pstep ^*& \{\,\{\{\ma {z}{\Fz }\}, \{\ma {z}{\Fs (x)}\} \}\,\} \\ \Pstep & \{\,\{\{\ma {\Fz }{\Fz }\}, \{\ma {\Fz }{\Fs (x)}\} \}, \ \{\{\ma {\Fs (y)}{\Fz }\}, \{\ma {\Fs (y)}{\Fs (x)}\} \}\, \} \\ \Pstep ^*& \{\,\{\topmp , \botmp \}, \ \{\botmp , \topmp \}\,\} \\ \Pstep ^*& \topP \end {array}\end {align*}


$\Pstep $


$\ndpstep $


$|\CC |$


$\ndpstep $


$\Pstep $


$\delta $


$\delta $


$\Rightarrow $


\begin {align*}(\{mp\} \uplus pp, \delta ) & \Rightarrow \parbox {4cm}{$\{(\{\{mp'\} \cup pp\},\delta )\}$} \qquad \text {if}\ mp \mstep mp' \neq \botmp \tag {simp-mp}\\ (\{mp\} \uplus pp,\delta ) & \Rightarrow \parbox {4cm}{$\{(\{pp\},\delta )\}$} \qquad \text {if}\ mp \mstep \botmp \tag {remove-mp}\\ (\{\topmp \} \uplus pp,\delta ) & \Rightarrow \topP \tag {success}\\ (pp,\delta ) & \Rightarrow \parbox {4cm}{$\{(pp\sigma _{x,c},\delta \sigma _{x,c}) \mid c : \dots \in \CC \}$} \qquad \text {if \ldots }\tag {instantiate}\end {align*}


$\Inst (pp,x)$


$\ndpstep $


$\Pstep $


$\{\ma {t}{x},\ma {t'}{x}\}$


$t \neq t'$


$\botpp $


$\toppp $


$\botP $


$\topP $


$\{\Ff (x,x,y) \to x, \Ff (x,y,x) \to x, \Ff (y,x,x) \to x\}$


$x$


$a,b,c$


$\Ff (a,b,c)$


$\Ff (x_1,x_2,x_3)$


$t$


$t'$


$t|_p = f(\dots ) \neq g(\dots ) = t'|_p$


$f \neq g$


$p$


$t$


$t'$


$t$


$t'$


$x$


$t|_p \neq t'|_p$


$x \in \{t|_p, t'|_p\}$


$p$


$x$


$\{t|_p, t'|_p\}$


$\{\ma {t}{y}, \ma {t'}{y}\}$


$t$


$t'$


$x$


$x$


$x$


$t$


$t'$


$t$
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$x : \sort \in \VV $


$\sort $


$mp$


$t$


$t'$
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$\{\ma {t}{y},\ma {t'}{y}\} \subseteq mp$


$t$


$t'$


$\sort $


$\sort $


$\sz {\sort }$


$\sort $


$\sort $


$f : \sort _1\times \dots \times \sort _n \to \sort \in \CC $


$\sort _1,\dots ,\sort _n$


$\sort $


$\sum _{f : \sort _1\times \dots \times \sort _n \to \sort \in \CC } \sz {\sort _1}\times \dots \times \sz {\sort _n}$


$n$


$\{t \mid t : \sort \in \TT (\CC )\} \neq \emptyset $


$c : \sorti _1 \times \dots \times \sorti _n \to \sorto \in \CC $


$\sorti _1,\dots ,\sorti _n$


$\sorto $


\begin {align*}\{\ma {t}{x}, \ma {t'}{x}\} \uplus mp & \mstep \botmp && \text {if $t$ and $t'$ clash}\tag {clash}\\ pp & \Rightarrow \{\botpp \} && \text {if each $mp \in pp$ has an infinite variable difference and $pp \neq \botpp $}\tag {inf-diff}\\ pp & \Rightarrow \Inst (pp,x) && \text {if $t$ and $t'$ \differv {x:\sort \in \VV }, $\sort $ is finite, and $\{\ma {t}{y},\ma {t'}{y}\} \subseteq mp \in pp$}\tag {instantiate'}\end {align*}


$\ndpstep $


$\Pstep $


$\Rightarrow $


$\ndpstep $


$\Pstep $


$\{\Ff (x,x), \Ff (\Fs (x),y), \Ff (x,\Fs (y))\}$


$\Ff : \nats \times \nats \to \nats $


$\Fz : \nats $


$\Fs : \nats \to \nats $


\begin {align*}& \{\{\ma {\Ff (x_1,x_2)}{\Ff (x,x)}\},\{\ma {\Ff (x_1,x_2)}{\Ff (\Fs (x),y)}\},\{\ma {\Ff (x_1,x_2)}{\Ff (x,\Fs (y))}\}\}\\ \ndpstep ^* {}& \{\{\ma {x_1}{x},\ma {x_2}{x}\},\{\ma {x_1}{\Fs (x)}\},\{\ma {x_2}{\Fs (y)}\}\} =: pp\end {align*}


$\{\ma {x_1}{x},\ma {x_2}{x}\}$


$pp$


$x_1$


$pp$


$pp \setminus \{\{\ma {x_1}{x},\ma {x_2}{x}\}\}$


$\sigma $


$\sigma (x_1) = \sigma (x_2) = \Fz $


$pp$


$pp \setminus \{\{\ma {x_1}{x},\ma {x_2}{x}\}\}$


$\nats $


\begin {align*}\{\{\ma {x}z,\ma {y}z\}\} & \ndpstep \{\{\ma {\Fs (x_1)}z,\ma {y}z\}\} \\ \ndpstep \{\{\ma {\Fs (x_1)}z,\ma {\Fs (y_1)}z\}\} & \ndpstep \{\{\ma {\Fs (\Fs (x_2))}z,\ma {\Fs (y_1)}z\}\} \\\ndpstep \{\{\ma {\Fs (\Fs (x_2))}z,\ma {\Fs (\Fs (y_2))}z\}\} & \ndpstep \ldots \end {align*}


$\ndpstep $


$\ndpstep $


$pp \Rightarrow P'$


$pp$


$pp' \in P'$


$pp$


$pp \ndpstep ^! pp'$


$pp' \in \{\toppp ,\botpp \}$


$pp$


$pp\ndpstep ^! \botpp $


$\toppp $


$\botpp $


$\measfd {\cdot }$


$\meassize {\cdot }$


$\measfv {pp}$


$\sort $


$\meassortts {\sort }$


$\sort $


\begin {equation*}\measfv {pp} = \sum _{\ma {t}{\ell } \in mp \in pp,\ x : \iota \in \Var (t),\ \text {$\sort $ is a finite sort}} \meassortts {\sort }\end {equation*}


$\measfv {\cdot }$


$x$


$\iota $


$\iota $


$\succ $


$(\measfd {pp},\measfv {pp},\meassize {pp})$


$pp$


$\succ $


$pp \Rightarrow P$


$pp' \in P$


$pp$


$pp'$


$x$


$\sort $


$c(x_1,\dots ,x_n)$


$x_i$


$\sort _i$


$\meassortts {\sort } \geq 1 + \meassortts {\sort _1} + \ldots + \meassortts {\sort _n} > \meassortts {\sort _1} + \ldots + \meassortts {\sort _n}$


$\measfv {\cdot }$


$pp$


$pp$


$\sigma $


$pp\sigma $


$t$


$t'$


$mp$


$y,t,t'$


$\{\ma {t}{y},\ma {t'}{y}\} \subseteq mp$


$t$


$t'$


$pp$


$mp \in pp$


$\InfConf (pp)$


$pp$


$\InfConf $


$pp$


$\InfConf $


$pp$


$\sigma _0$


$pp$


$pp\sigma _{0}$


$\sigma _{0}$


$\InfConf (pp\sigma _0)$


$pp\sigma _{0}$


$\sigma _1,\sigma _2,\dots ,\sigma _n$


$pp\sigma _i$


$t$


$t'$


$x : \sort \in \VV $


$pp\sigma _i$


$u : \sort \in \TT (\CC )$


$pp\sigma _i$


$u$


$\sort $


$\sigma _{i+1} := \sigma _i[x\mapsto u]$


$pp\sigma _{i+1}$


$pp\sigma _{i}$


$\sigma _n$


$\InfConf (pp\sigma _n)$


$pp\sigma _n$


$\sigma _n$


$\sigma $


$pp\sigma $


$pp\sigma _i$


$pp\sigma _{i+1}$


$\InfConf $


$t$


$t'$


$mp \in pp\sigma _i$


$t[x\mapsto u]$


$t'[x\mapsto u]$


$t$


$t'$


$p$


$t[x\mapsto u]$


$t'[x\mapsto u]$


$p$


$t|_p = y \neq t'|_p$


$y \neq x$


$t|_p[x\mapsto u] = y \neq t'|_p[x\mapsto u]$


$y$


$t|_p = x \neq t'|_p$


$t'|_p$


$y \neq x$


$t|_p[x\mapsto u] = u$


$t'|_p[x\mapsto u]$


$y$


$y$


$y$


$t|_p = x \neq t'|_p$


$t'|_p$


$t|_p[x\mapsto u] = u \neq t'|_p = t'|_p[x\mapsto u]$


$u$


$pp\sigma _i$


$t|_p = x \neq t'|_p$


$\Var (t'|_p) = \{x\}$


$t|_p[x\mapsto u] = u$


$t'|_p[x\mapsto u]$


$u$


$t|_p[x\mapsto u]$


$t'|_p[x\mapsto u]$


$\sigma _{xc}$


\begin {equation*}(pp,\delta ) \Rightarrow \{(\botpp , \delta \sigma )\} \quad \text {if \ldots }\hfill (\text {inf-diff})\end {equation*}


$\sigma $


$\{\{\ma {\Ff (z,\Fs (y))}{\Ff (x,x)}\}\}$


$\nats $


\begin {align*}& (\{\{\ma {\Ff (z,\Fs (y))}{\Ff (x,x)}\}\}, [\,]) \ndpstep (\underbrace {\{\{\ma {z}x,\ma {\Fs (y)}x\}\}}_{=: pp}, [\,]) \ndpstep (\botpp ,\sigma )\end {align*}


$\sigma = [z \mapsto \Fs (\Fs (\Fz )), y \mapsto \Fs (\Fs (\Fs (\Fz )))]$


$\sigma $


$\sigma _0 := [\,]$


$z$


$pp$


$\sigma _1$


$z$


$pp$


$\Fs (\Fs (\Fz ))$


$pp[z \mapsto \Fs (\Fs (\Fz ))]$


$\{\{\ma {\Fs (\Fs (\Fz ))}x,\ma {\Fs (y)}x\}\}$


$y$


$\sigma _2$


$y$


$\{\{\ma {\Fs (\Fs (\Fz ))}x,\ma {\Fs (y)}x\}\}$


$\Fs (\Fs (\Fs (\Fz )))$


$\sigma = \sigma _2$


$\measfv {\cdot }$


$\ndpstep $


$\{\sort _0,\dots ,\sort _n\}$


$\Fc _0 : \sort _0$


$\Fc _{i+1} : \sort _i \times \sort _i \to \sort _{i+1}$


$i < n$


$\sort _i$


$t_i$


$i$


$| x : \sort _i | = |t_i| = 2^i - 1$


$\measfv {pp} \geq 2^n - 1$


$pp$


$\sort _n$


$\Ff : \sort _n \times \sort _n \to \sort _0$


$\Ff (x,x)$


$pp = \{\{\ma {y}{x}, \ma {z}{x}\}\}$


$\sort _n$


$pp \ndpstep ^{\geq 2^n} \{\{\ma {t_n}{x},\ma {t_n}{x}\}\} \ndpstep ^* \toppp $


$\ndpstep $


$\ma {t}x$


$x \in \XX $


$t$


$\ma {y}{x}$


$y$


$\Ff : \iota _0\times \dots \times \iota _n \to \iota _0$


$\Ff (x_0, \Fc _1(x_0,x_0), \_,\dots , \_)$


$\dots $


$\Ff (\_, \dots ,\_,x_{n-1}, \Fc _n(x_{n-1},x_{n-1}))$


\begin {align*}pp_0 & = \{ \{\ma {\Ff (y_0,\ldots ,y_n)}{\Ff (x_0, \Fc _1(x_0,x_0), \_,\dots , \_)}\},\\ & \phantom {{}= \{} \{\ma {\Ff (y_0,\ldots ,y_n)}{\Ff (\_,x_1, \Fc _2(x_1,x_1),\_,\dots ,\_)}\},\\ &\hspace {4em}\vdots \\ & \phantom {{}= \{} \{\ma {\Ff (y_0,\ldots ,y_n)}{\Ff (\_,\dots ,\_, x_{n-1}, \Fc _n(x_{n-1},x_{n-1}))}\} \}.\end {align*}


$\ma {t}\ell $


$\ell $


$\{ \ma {t_1}x, \ma {t_2}y, \ma {t_3}x, \ma {t_4}x, \ma {t_5}y \}$


$\{ \{t_1,t_3,t_4\}, \{t_2,t_5\} \}$


$mp$


$mp \subseteq \TT (\FF ,\VV ) \times \XX $


$mp$


$\eqc $


$mp$


$\sigma : \VV \to \TT (\CC )$


$t_i\sigma = t_j\sigma $


$\eqc \in mp$


$t_i,t_j \in \eqc $


$pp$


$\sigma : \VV \to \TT (\CC )$


$mp \in pp$


$mp$


$\sigma $


$\Var (pp) = \bigcup _{t \in \eqc \in mp \in pp} \Var (t)$


$mp$


\begin {align*}\{ \ma {t_{11}}{x_1}, \dots \ma {t_{1n_1}}{x_1}, \dots , \ma {t_{k1}}{x_k}, \dots \ma {t_{kn_k}}{x_k} \}\end {align*}


$x_1$


$x_k$


\begin {align*}\{\{t_{11},\dots ,t_{1n_1}\}, \dots \{t_{k1},\dots ,t_{kn_k}\} \}.\end {align*}


$pp$


$pp$


$\ndpstep $


$pp \ndpstep ^! pp'$


$pp' = \toppp $


$pp'$


$pp$


$pp'$


$pp'$


$pp\ndpstep ^! pp'$


$pp_0$


\begin {align*}pp_0 \ndpstep ^* \{ & \{\ma {y_0}{x_0}, \ma {y_1}{\Fc _1(x_0,x_0)}\}, \\ & \{\ma {y_1}{x_1}, \ma {y_2}{\Fc _2(x_1,x_1)}\}, \\ & \{\ma {y_2}{x_2}, \ma {y_3}{\Fc _3(x_2,x_2)}\}, \dots \} \\ \ndpstep \{ & \{\ma {y_0}{x_0}, \ma {\Fc _1(z_1,z_2)}{\Fc _1(x_0,x_0)}\}, \\ & \{\ma {\Fc _1(z_1,z_2)}{x_1}, \ma {y_2}{\Fc _2(x_1,x_1)}\}, \\ & \{\ma {y_2}{x_2}, \ma {y_3}{\Fc _3(x_2,x_2)}\}, \dots \} \\ \ndpstep \{ & \{\ma {y_0}{x_0}, \ma {z_1}{x_0}, \ma {z_2}{x_0}\}, \\ & \{\ma {\Fc _1(z_1,z_2)}{x_1}, \ma {y_2}{\Fc _2(x_1,x_1)}\}, \\ & \{\ma {y_2}{x_2}, \ma {y_3}{\Fc _3(x_2,x_2)}\}, \dots \} \\ \ndpstep \{ & \{\ma {y_0}{x_0}, \ma {z_1}{x_0}, \ma {z_2}{x_0}\}, \\ & \{\ma {\Fc _1(z_1,z_2)}{x_1}, \ma {\Fc _2(z_3,z_4)}{\Fc _2(x_1,x_1)}\}, \\ & \{\ma {\Fc _2(z_3,z_4)}{x_2}, \ma {y_3}{\Fc _3(x_2,x_2)}\}, \dots \} \\ \ndpstep \{ & \{\ma {y_0}{x_0}, \ma {z_1}{x_0}, \ma {z_2}{x_0}\}, \\ & \{\ma {\Fc _1(z_1,z_2)}{x_1}, \ma {z_3}{x_1},\ma {z_4}{x_1}\}, \\ & \{\ma {\Fc _2(z_3,z_4)}{x_2}, \ma {y_3}{\Fc _3(x_2,x_2)}\}, \dots \} \\ \ndpstep ^* \{ & \{\ma {y_0}{x_0}, \ma {z_1}{x_0}, \ma {z_2}{x_0}\}, \\ & \{\ma {\Fc _1(z_1,z_2)}{x_1}, \ma {z_3}{x_1},\ma {z_4}{x_1}\}, \\ & \{\ma {\Fc _2(z_3,z_4)}{x_2}, \ma {z_5}{x_2}, \ma {z_6}{x_2}\}, \dots \} \intertext {and this final pattern problem in simplified form is compressed into the simplified pattern problem} pp_1 := &\ \{ \{\{y_0, z_1, z_2\}\}, \{\{\Fc _1(z_1,z_2), z_3, z_4\}\}, \{\{\Fc _2(z_3,z_4), z_5,z_6\}\}, \dots \}\end {align*}


$mp$


$t \in \eqc \in mp$


$t \in \TT (\CC ,\VV )$


$t$


$pp$


$mp \in pp$


$mp$


$\eqc \in mp$


$t$


$t'$


$\{t,t'\} \subseteq \eqc $


$t$


$t'$


$\smstep $


$\botmp $


\begin {align*}\{\{f(t_{11},\dots ,t_{1n}), \dots , f(t_{k1},\dots ,t_{kn})\}, \eqc _1,\dots ,\eqc _m\} & \smstep \{\{t_{11}, \dots , t_{k1}\}, \dots , \{t_{1n}, \dots , t_{kn}\}, \eqc _1,\dots ,\eqc _m\} && \text {if}\ k > 1 \tag {decompose'}\\ \{\{t, t', \dots \}, \dots \} & \smstep \botmp && \text {if}\ t\ \text {and}\ t'\ \text {clash} \tag {clash''}\\ \{\{t\},\eqc _1,\dots ,\eqc _m\} & \smstep \{\eqc _1,\dots ,\eqc _m\} \tag {unique}\\ \{\{x, t, \dots \},\dots \} & \smstep \botmp \qquad \text {if}\ x \in \VV \ \text {and}\ t \notin \TT (\CC ,\VV ) \tag {no-constructor}\end {align*}


$\spstep $


$\Rightarrow $


\begin {align*}\{mp\} \uplus pp & \spstep \{\{mp'\} \cup pp\} && \text {if}\ mp \smstep mp' \neq \botmp \tag {simp-mp'}\\ \{mp\} \uplus pp & \spstep \{pp\} && \text {if}\ mp \smstep \botmp \tag {remove-mp'}\\ \{\topmp \} \uplus pp & \spstep \topP \tag {success'}\\ pp \uplus pp' & \spstep \{pp'\} && \text {if}\ pp \neq \emptyset , \text {each}\ mp \in pp\ \text {has an infinite variable difference}\\ &&& \text {and all variables in}\ pp'\ \text {are of finite sort}\tag {inf-diff'}\end {align*}


$\sndpstep $


$pp \sndpstep pp'$


$pp \spstep P$


$pp' \in P$


$pp \sndpstep \toppp $


$pp \spstep \topP $


$pp' = \emptyset $


$\sndpstep $


$\sndpstep $


$\sndpstep $


$pp \sndpstep ^! pp'$


$pp' = \toppp $


$pp'$


$pp \spstep P$


$pp$


$pp' \in P$


$pp$


$pp'$


$pp \sndpstep ^! pp'$


$pp$


$\sndpstep $


$pp$


$mp \in pp$


$\eqc \in mp$


$\eqc $


$\eqc $


$pp$


$pp$


$pp$


$pp_{f} \uplus pp_{\neg f}$


$pp_f$


$pp$


$pp = pp_{\neg f} \cup pp_{f} \spstep \{pp_f\}$


$pp$


$mp \in pp_{\neg f}$


$mp \in pp_{\neg f}$


$t \in \eqc \in mp$


$x \in \Var (t)$


$x$


$t$


$t$


$x$


$\eqc $


$\eqc $


$\{y,t'\} \subseteq \eqc $


$y$


$t$


$y \neq t'$


$y$


$t'$


$y$


$t'$


$y$


$\spstep $


$\{\{f(x), f(y)\}\}$


$\sigma : \VV \to \TT (\CC )$


$f \notin \CC $


$x$


$t \notin \TT (\CC ,\VV )$


$x \sigma \neq t\sigma $


$x\sigma \in \TT (\CC )$


$t\sigma \notin \TT (\CC )$


$\{x,t,\dots \}$


$\sigma : \VV \to \TT (\CC )$


$\sigma $


$pp$


$pp'$


$pp'$


$pp$


$x_1,x_2$


$y_1,y_2$


$\Ff \in \CC $


$pp' = \emptyset $


\begin {align*}\{\{\{x_1,x_2\}\}, \{\{\Ff (y_1),y_2\}\}\}\end {align*}


$\{\{\{x_1,x_2\}\}\}$


$pp_1$


$\{c(x,y),z,c(b,x)\}$


$b,c$


$x,y,z$


$mp$


$\eqc \in mp$


$pp$


$mp \in pp$


\begin {align*}\{ \{\{t,t'\} \uplus \eqc \} \uplus mp\} \uplus pp & \spstep \{ \{\{\{t,t'\}\}\} \cup pp, \{\{\{t'\} \cup \eqc \} \cup mp\} \cup pp\} && \text {if exactly one of}\ t\ \text {and}\ t'\ \text {is a variable, and}\ \eqc \neq \emptyset \ \text {or}\ mp \neq \emptyset \tag {split} \\ pp & \spstep \Inst (pp,x) && \text {if}\ \{\{x,t\}\} \in pp, x\ \text {has a finite sort, and}\ t\ \text {is not a variable}\tag {instantiate''}\end {align*}


$pp$


$x : \sorto \in \VV $


$\Inst (pp,x)$


$pp\sigma _{x,c}$


$c : \sorti _1\times \dots \times \sorti _n\to \sorto \in \CC $


$pp\sigma _{x,c}$


$pp$


$\sigma _{x,c} = [x \mapsto c(x_1,\dots ,x_n)]$


$pp$


$x_1 : \sorti _1,\dots ,x_n:\sorti _n \in \VV $


$\{\{x,t\} \cup \eqc \} \cup mp$


$x$


$t$


$\{\{x,t\}\}$


$x$


$t$


$x$


$t$


$pp \sndpstep ^! pp'$


$pp' = \toppp $


$pp'$


$pp \spstep P$


$pp$


$pp' \in P$


$pp$


$pp'$


$pp \sndpstep ^! pp'$


$\sndpstep $


$\sndpstep $


$pp$


$pp$


$pp$


$t$


$t \in \eqc \in mp \in pp$


$\eqc $


$x$


$\{x,t\} \subseteq \eqc $


$mp = \{\{x,t\}\}$


$pp$


$\spstep $


$\sigma : \VV \to \TT (\CC )$


$\eqc = \{t_1,\dots ,t_n\}$


\begin {align*}& \{\{t,t'\} \uplus \eqc \} \uplus mp\ \text {is complete for}\ \sigma \\ \text {iff } & t\sigma = t'\sigma = t_1\sigma = \dots = t_n\sigma \text { and } mp\ \text {is complete for} \sigma \\ \text {iff } & t\sigma = t'\sigma \text { and } (t'\sigma = t_1\sigma = \dots = t_n\sigma \text { and } mp\ \text {is complete for}\ \sigma )\\ \text {iff } & \{\{t,t'\}\}\ \text {is complete for}\ \sigma \ \text {and}\ \{\{t'\} \cup \eqc \} \cup mp\ \text {is complete for}\ \sigma \end {align*}


$\tsymbols (pp)$


$\tsymbols (pp) = \bigcup _{t \in \eqc \in mp \in pp} \symbols (t)$


$\meassize {pp}$


$\measdup {pp}$


$\measfv {\cdot }$


$\measfvd {\cdot }$


$|\CC |$


$\sort $


$\meassortd {\sort }$


$\max \{ \depth (t) \mid t : \sort \in \TT (\CC ) \}$


\begin {equation*}\measfvd {pp} = \sum _{mp \in pp} \max \{\meassortd {\sort } \mid x \in \Var (t) \text { of a finite sort $\sort $}, t \in \eqc \in mp\}\end {equation*}


\begin {equation*}\measspat {pp} := \measfvd {pp} \cdot ( \measdup {pp} \cdot \mA + 1) + \meassize {pp}\end {equation*}


$\mA $


$\CC $


$\sndpstep $


$\ndpstep $


$\measfvd {pp} > \measfvd {pp'}$


$pp \sndpstep pp'$


$\measfvd {\cdot }$


$x$


$mp$


$mp\sigma _{x,c}$


$\{\{x,t\}\}$


$x\sigma _{x,c}$


$t\sigma _{x,c}$


$x$


$t$


$\measfvd {pp} > \measfvd {pp\sigma _{x,c}}$


$pp$


$pp_1$


$pp_1'$


$pp_2$


$pp \ndpstep ^{n_1} pp_1$


$pp_1$


$\ndpstep $


$pp_1'$


$pp_1$


$pp_1' \sndpstep ^{n_2} pp_2$


\begin {align*}n_1 + n_2 + \meassize {pp_2} & \leq (|\CC | \cdot |pp| + \measSize {pp}) \cdot (\measSize {pp} \cdot \mA + 2)\\ \intertext {and} |pp_2| & \leq |pp|\end {align*}


$\mA $


$\CC $


$pp_a \ndpstep pp_b$


$pp_a \sndpstep pp_b$


$|pp_b| \leq |pp_a|$


$\measparam = |\CC | \cdot |pp|$


\begin {align*}& \mathrel {\phantom {\leq }} n_1 + n_2 + \meassize {pp_2} \\ & \leq n_1 + n_2 + \measspat {pp_2} \\ & \leq n_1 + \measspat {pp_1'} \\ & = n_1 + \measfvd {pp_1'} \cdot ( \measdup {pp_1'} \cdot \mA + 1) + \meassize {pp_1'} \\ & \leq n_1 + (|\CC | \cdot |pp_1'|) \cdot ( \measdup {pp_1'} \cdot \mA + 1) + \meassize {pp_1'} \\ & = n_1 + (|\CC | \cdot |pp_1|) \cdot ( \measdup {pp_1} \cdot \mA + 1) + \meassize {pp_1} \\ & \leq n_1 + \measparam \cdot ( \measdup {pp_1} \cdot \mA + 1) + \meassize {pp_1} \\ & \leq n_1 + (\measparam + \measfd {pp_1}) \cdot ( \measdup {pp_1} \cdot \mA + 1) + \meassize {pp_1} \\ & = n_1 + \measpat {pp_1} \\ & \leq \measpat {pp} \\ & \leq (\measparam + \measSize {pp}) \cdot (\measSize {pp} \cdot \mA + 2)\end {align*}


$\measfvd {pp_1'} \leq |\CC | \cdot |pp_1'|$


$\sndpstep $


$\measspat {\cdot }$


$x$


$t$


$t$


\begin {align*}pp_1 = \{ & \{\{y_0, z_1, z_2\}\}, \\ & \{\{\Fc _1(z_1,z_2), \underline {z_3}, z_4\}\}, \\ & \{\{\Fc _2(z_3,z_4), z_5,z_6\}\}, \\ & \{\{\Fc _3(z_5,z_6), z_7,z_8\}\}, \ldots \} \\ \sndpstep \{ & \{\{y_0, z_1, z_2\}\}, \\ & \{\{\Fc _1(z_1,z_2), \Fc _1(u_1,u_2), \underline {z_4}\}\}, \\ & \{\{\Fc _2(\Fc _1(u_1,u_2),z_4), z_5,z_6\}\}, \\ & \{\{\Fc _3(z_5,z_6), z_7,z_8\}\}, \ldots \} \\ \sndpstep \{ & \{\{y_0, z_1, z_2\}\}, \\ & \{\{\underline {\Fc _1}(z_1,z_2), \underline {\Fc _1}(u_1,u_2), \underline {\Fc _1}(u_3,u_4)\}\}, \\ & \{\{\Fc _2(\Fc _1(u_1,u_2),\Fc _1(u_3,u_4)), z_5,z_6\}\}, \\ & \{\{\Fc _3(z_5,z_6), z_7,z_8\}\}, \ldots \} \\ \sndpstep \{ & \{\{y_0, z_1, z_2\}\}, \\ & \{\{z_1,u_1,u_3\}, \{z_2,u_2,u_4\}\}, \\ & \{\underline {\{\Fc _2(\Fc _1(u_1,u_2),\Fc _1(u_3,u_4)), z_5,z_6\}}\}, \\ & \{\{\Fc _3(z_5,z_6), z_7,z_8\}\}, \ldots \} \\ \sndpstep ^* \{ & \{\{y_0, z_1, z_2\}\}, \\ & \{\{z_1,u_1,u_3\}, \{z_2,u_2,u_4\}\}, \\ & \{\{u_1, u_5, u_9\}, \{u_2,u_6,u_{10}\}, \{u_3, u_7, u_{11}\}, \{u_4,u_8,u_{12}\}\}, \\ & \{\{\Fc _3(\Fc _2(\Fc _1(u_5,u_6),\Fc _1(u_7,u_8)),\Fc _2(\Fc _1(u_9,u_{10}),\Fc _1(u_{11},u_{12}))), z_7,z_8\}\}, \ldots \}\end {align*}


$pp_3$


$c_i$


$c_i$
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This TRS is quasi-reducible, since no matter which number 𝑛 we provide as argument, one of the left-hand sides (lhss) will match the 
term 𝖾𝗏𝖾𝗇(𝑛); this fact can easily be seen by a case-analysis on whether 𝑛 represents 0, 1, or some larger number. Note the importance 
of sorts:1 without them, the evaluation of the (unsorted) term 𝖾𝗏𝖾𝗇(𝗌(𝗍𝗋𝗎𝖾)) would get stuck. 

Kapur et al. proved the decidability of quasi-reducibility [2]. Their decidability result does not yield a practical algorithm: it has 
an exponential best-case complexity, i.e., to ensure quasi-reducibility, one always has to enumerate exponentially many terms and 
test whether their evaluation does not get stuck. Therefore, Lazrek, Lescanne and Thiel developed a more practical approach. Their 
complement algorithm [6] is a decision procedure for pattern completeness in the left-linear case, but it might fail on TRSs that are 
not left-linear. Note that in the left-linear case, pattern completeness and quasi-reducibility can also be encoded into a problem about 
tree automata [7].

In this paper, we develop a novel algorithm for pattern completeness with the following key features.
• It is a decision procedure, even in the non-linear case.
• In our experiments it outperforms existing implementations of the complement algorithm, the approach via tree automata, and 
the pattern completeness check by the ghc Haskell compiler.

• Our algorithm can be seen as a non-deterministic polynomial-time decision procedure for pattern incompleteness. In this sense 
the algorithm is asymptotically optimal as the problem is in co-NP.

• Its correctness is fully verified in Isabelle/HOL.
• The stated complexity is partially verified in Isabelle/HOL: a polynomial upper bound on the number of abstract steps is part of 
the formalization. However, we did not formally prove that every abstract step can be executed in polynomial time.

• We also provide a restricted version of the algorithm; it only handles the linear case, is completely syntax directed, and easy to 
implement.

We are aware of two other algorithms to ensure quasi-reducibility in more complex settings, e.g., where rules may be guarded 
by arithmetic constraints such as “this rule is only applicable if 𝑥 > 0” [8,9], but both algorithms do not properly generalize the 
result of Kapur et al. since they are restricted to linear lhss. Bouhoula and Jacquemard [10] also designed an algorithm in a more 
complex setting with conditions and constraints, and a back-end that is based on constrained tree automata techniques. Since their 
soundness result is restricted to ground confluent systems, their algorithm is not applicable in our use case; ultimately we want to 
verify ground confluence proofs on methods that rely upon quasi-reducibility. Moreover, Bouhoula developed an algorithm to verify 
ground confluence and completeness at the same time [11], where we are not sure whether it can also be adjusted to an algorithm 
that just ensures completeness, e.g., for non-ground confluent systems. Furthermore, there are proof methods that ensure pattern 
completeness within proof assistants. These are used to ensure well-definedness of function definitions. For instance, in Isabelle/HOL 
there is a corresponding method pat_completeness [12], but as many other algorithms for pattern completeness, it is restricted to 
the left-linear case.

There are also algorithms to compile pattern matching [13,14], however these have a different focus: their major aim is not 
to decide or to ensure completeness, but instead they generate efficient code for functional programs that are defined by pattern 
matching.

The paper is organized as follows: In Section 2 on preliminaries we introduce notions and notations, and recall the core concepts 
of pattern completeness and quasi-reducibility. Then in Section 3 we present the first part of our algorithm that covers the linear 
case. The algorithm is then extended to handle the general case in Section 4. The algorithms of Sections 3 and 4 have already been 
presented in our FSCD paper [1], a preliminary version of this article. In particular, the FSCD algorithm requires exponential space and 
is therefore not optimal. To this end, we modify the FSCD algorithm of Section 4 to a novel algorithm that is presented in Section 5. 
Afterwards we present details on the Isabelle formalization and on the implementation in Section 6. The experimental results are 
provided in Section 7 before we conclude in Section 8.

The formalization, the executable code and details on the experiments are available at:
https://isafor-ceta.uibk.ac.at/experiments/pat_complete/

2.  Preliminaries

We fix a set  of sorts. A sorted set 𝐴 is a set where each element 𝑎 is associated with a sort 𝜄 ∈ , written 𝑎 ∶ 𝜄 ∈ 𝐴. A sorted 
signature  is a finite set of function symbols 𝑓 , each associated with a nonempty sequence of sorts 𝜄1,… , 𝜄𝑛, 𝜄0 ∈ , written 𝑓 ∶
𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈  . Given a sorted signature  and a sorted set  of variables, the sorted set  ( ,) of terms is defined as follows: 
𝑥 ∶ 𝜄 ∈  ( ,) if 𝑥 ∶ 𝜄 ∈  ; and 𝑓 (𝑡1,… , 𝑡𝑛) ∶ 𝜄0 ∈  ( ,) if 𝑓 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈  and 𝑡1 ∶ 𝜄1,… , 𝑡𝑛 ∶ 𝜄𝑛 ∈  ( ,). We denote the 
set of variables occurring in 𝑡 by 𝖵𝖺𝗋(𝑡). By  ( ) we denote the sorted set of ground terms, i.e., terms that do not contain variables. 
A term is linear, if it does not contain any variable more than once. A sorted map 𝑓 from a sorted set 𝐴 to a sorted set 𝐵, written 
𝑓 ∶ 𝐴→ 𝐵, is a map such that 𝑓 (𝑎) ∶ 𝜄 ∈ 𝐵 whenever 𝑎 ∶ 𝜄 ∈ 𝐴. A substitution is a sorted map 𝜎 ∶  →  ( ,) for another sorted set 
 of variables,2 and the instance is the term 𝑡𝜎 ∈  ( ,) obtained from 𝑡 ∈  ( ,) by replacing all 𝑥 by 𝜎(𝑥). We write 𝜎𝛿 for the 

1 A sort in the TRS context is the same as a type when speaking about functional programs. Since most of this paper is written using TRS notation, 
we speak of sorts instead of types in the rest of the paper.
2 On paper it is not essential to distinguish the sets of variables, while it is convenient in the formalization that we can use variables different 

from those used to represent programs.
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composition of two substitutions 𝜎 and 𝛿, i.e., 𝑡(𝜎𝛿) = (𝑡𝜎)𝛿, and [𝑥↦ 𝑡] is the substitution which substitutes 𝑥 by 𝑡 and 𝑦[𝑥↦ 𝑡] = 𝑦
for all 𝑥 ≠ 𝑦. A term 𝓁 ∶ 𝜄 ∈  ( ,) matches a term 𝑡 ∶ 𝜄 ∈  ( ,) if there exists a substitution 𝜎 ∶  →  ( ,) such that 𝓁𝜎 = 𝑡.

We consider programs that consist of a set of rules 𝓁 → 𝑟 and evaluation is defined by replacing instances of left-hand sides (lhss) 
𝓁𝜎 by instances of right-hand sides 𝑟𝜎. For example a program might be a TRS, or some other first-order functional programming 
language that uses pattern matching. We assume the signature  is split into two disjoint signatures  and , where  contains 
constructor symbols and  contains defined symbols, and values are represented by constructor ground terms in  (). The cardinality
|𝜄| of a sort 𝜄 ∈  is defined as the number of values of that sort, i.e., |{𝑡 ∣ 𝑡 ∶ 𝜄 ∈  ()}|. We assume that every sort is inhabited, i.e., 
|𝜄| > 0. A sort 𝜄 is finite if |𝜄| is finite, and is infinite otherwise. We say a term 𝑓 (𝑡1,… , 𝑡𝑛) is basic if 𝑓 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈  and 
𝑡1 ∶ 𝜄1,… , 𝑡𝑛 ∶ 𝜄𝑛 ∈  (,), and denote the (sorted) set of basic terms by 𝐵(,,).

We are now ready to formally describe that evaluation of a program cannot get stuck.
Definition 2  (Pattern Completeness of Programs). A program with lhss 𝐿 is pattern complete, if every basic ground term 𝑡 ∈
𝐵(,, ∅) is matched by some 𝓁 ∈ 𝐿. 

Pattern completeness is an instance of the cover problem, a notion that appears in the context of both term rewriting and functional 
programming [13,15,16]: a set 𝐿 of terms covers a set 𝑇  of terms if every constructor ground instance of a term in 𝑇  is matched by 
some term in 𝐿. Clearly, pattern completeness of a program with lhss 𝐿 is exactly the property that 𝐿 covers 𝑇 ∶= {𝑓 (𝑥1,… , 𝑥𝑛) ∣ 𝑓 ∶
𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈ } where 𝑥1,… , 𝑥𝑛 is a sequence of distinct variables; and the complement algorithm of Lazrek et al. [6] can be 
used to decide whether 𝐿 covers 𝑇  if all terms in 𝐿 are linear.

An alternative notion to pattern completeness is quasi-reducibility [2], where the difference is that matching can happen for an 
arbitrary subterm.
Definition 3  (Quasi-Reducibility of Programs). A program with lhss 𝐿 is quasi-reducible, if every basic ground term 𝑡 ∈ 𝐵(,, ∅)
contains a subterm that is matched by some 𝓁 ∈ 𝐿. 

Pattern completeness implies quasi-reducibility since 𝑡 is a subterm of 𝑡, and the two notions coincide if the root symbols of all lhss 
are in —as in the functional programming setting or in Example 1. Example 4 illustrates the difference between the two notions.
Example 4. Consider ℤ = {𝗍𝗋𝗎𝖾 ∶ 𝔹, 𝖿𝖺𝗅𝗌𝖾 ∶ 𝔹, 𝟢 ∶ ℤ, 𝗌 ∶ ℤ → ℤ, 𝗉 ∶ ℤ → ℤ} to represent the Booleans and integers in a successor–
predecessor notation, e.g., 𝗉(𝟢) represents −1. Now we consider a TRS ℤ that defines a function to compute whether an integer is 
even, i.e.,  = {𝖾𝗏𝖾𝗇 ∶ ℤ → 𝔹}. It consists of all rules of ℕ in Example 1 and the following rules.

𝖾𝗏𝖾𝗇(𝗉(𝟢)) → 𝖿𝖺𝗅𝗌𝖾 𝖾𝗏𝖾𝗇(𝗉(𝗉(𝑥))) → 𝖾𝗏𝖾𝗇(𝑥) (2)

𝗌(𝗉(𝑥)) → 𝑥 𝗉(𝗌(𝑥)) → 𝑥 (3)

This TRS is quasi-reducible since every term 𝖾𝗏𝖾𝗇(𝑛) with 𝑛 ∶ ℤ ∈  (ℤ) has a subterm that is matched by some lhs: If 𝑛 contains 
both 𝗌 and 𝗉 then one of the rules (3) is applicable. Otherwise 𝑛 is of the form 𝗌𝑖(𝟢) or 𝗉𝑖(𝟢) and then rules (1) or (2) will be applicable. 
On the other hand, the TRS is not pattern complete since 𝖾𝗏𝖾𝗇(𝗌(𝗉(𝟢))) is not matched by any lhs. 

3.  Pattern completeness – the linear case

Before we design the decision procedure for pattern completeness we first reformulate and generalize this notion, leading to 
matching problems and pattern problems.
Definition 5  (Matching Problem and Pattern Problem).  A matching atom is a pair of terms written 𝑡 ∼ 𝓁, where 𝑡 ∈  ( ,) is called 
matchee and 𝓁 ∈  ( ,) is called pattern.

A matching problem is a finite set of matching atoms, and a pattern problem is a finite set of matching problems.
A matching problem 𝑚𝑝 is complete w.r.t. a constructor ground substitution 𝜎 ∶  →  () if there is some substitution 𝛾 ∶  →  ( )

such that 𝑡𝜎 = 𝓁𝛾 for all 𝑡 ∼ 𝓁 ∈ 𝑚𝑝. A pattern problem 𝑝𝑝 is complete if for each 𝜎 ∶  →  () there is some 𝑚𝑝 ∈ 𝑝𝑝 such that 𝑚𝑝 is 
complete w.r.t. 𝜎. 

When expanding the definition of completeness of a pattern problem 𝑝𝑝 we obtain an alternative definition, which reveals that 
there are two quantifier alternations.

𝑝𝑝 is complete iff
∀𝜎 ∶  →  ().∃𝑚𝑝 ∈ 𝑝𝑝.∃𝛾 ∶  →  ( ).∀𝑡 ∼ 𝓁 ∈ 𝑚𝑝. 𝑡𝜎 = 𝓁𝛾

Pattern problems are quite generic and can express several properties. For instance, 𝐿 covers 𝑇  iff all pattern problems in 𝑃 =
{{{𝑡 ∼ 𝓁} ∣ 𝓁 ∈ 𝐿} ∣ 𝑡 ∈ 𝑇 } are complete. Similarly, Aoto and Toyama’s notion of strong quasi-reducibility [4] can also be encoded as 
a pattern problem: informally, this notion expresses that any constructor ground instance of 𝑓 (𝑥1,… , 𝑥𝑛) has a redex w.r.t. lhss 𝐿
at the root or directly below the root. This property is equivalently expressed as completeness of the pattern problem {{𝑡 ∼ 𝓁} ∣ 𝑡 ∈
{𝑓 (𝑥1,… , 𝑥𝑛), 𝑥1,… , 𝑥𝑛}, 𝓁 ∈ 𝐿}. Finally, the question of whether a program with lhss 𝐿 and defined symbols  is pattern complete 
w.r.t. Definition 2 is expressible as the completeness of all pattern problems within 𝑃 = {{{𝑓 (𝑥1,… , 𝑥𝑛) ∼ 𝓁} ∣ 𝓁 ∈ 𝐿} ∣ 𝑓 ∶ 𝜄1 ×⋯ ×
𝜄𝑛 → 𝜄0 ∈ }.

The following inference rules describe simplification rules for arbitrary pattern problems, and these rules form a decision procedure 
to determine the completeness of linear pattern problems. We say a matching problem {𝑡1 ∼ 𝓁1,… , 𝑡𝑛 ∼ 𝓁𝑛} is linear if each 𝓁𝑖 is linear 
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and 𝖵𝖺𝗋(𝓁𝑖) ∩ 𝖵𝖺𝗋(𝓁𝑗 ) = ∅ for 𝑖 ≠ 𝑗, and say a pattern problem 𝑝𝑝 is linear if all 𝑚𝑝 ∈ 𝑝𝑝 are linear. Note that these inference rules are 
equivalent to the ones in the FSCD paper [1], but they are not identical. The main difference is the kind of non-determinism. In the 
FSCD paper only one kind of non-determinism was present. In contrast, in the upcoming presentation we introduce two forms of 
non-determinism, which will be essential for the complexity analysis.

To be more precise, the first kind of non-determinism—which is also present in the FSCD paper—is that there can be multiple 
rules that are applicable. This non-determinism is of the “don’t care” type in the sense, that it does not matter in which order the 
rules are applied. Here, any concrete implementation can choose a strategy on its own on which rules are tried to be applied first, 
and once an applicable rule on some problem 𝑝𝑝 has been detected, there is no demand to apply any other rule on 𝑝𝑝.

Second, there is also non-determinism that enables a co-NP behavior: The rules transform a single pattern problem 𝑝𝑝 into a set 
of new pattern problems 𝑝𝑝1,… , 𝑝𝑝𝑛, and for these rules there is the connection that 𝑝𝑝 is complete iff all of the 𝑝𝑝𝑖’s are complete. 
Hence, the non-deterministic algorithm will be able to select some incomplete 𝑝𝑝𝑖 and continue with that one, in case any of the 
problems 𝑝𝑝1,… , 𝑝𝑝𝑛 is incomplete. On the other hand, if 𝑝𝑝 is pattern complete, then one needs to exhaustively consider all new 
pattern problems 𝑝𝑝1,… , 𝑝𝑝𝑛 and check their completeness property.

To avoid confusion, we denote the empty matching problem by ⊤𝑚𝑝 (nothing has to be matched), the empty pattern problem by 
⊥𝑝𝑝 (no candidate pattern can match), and the empty set of pattern problems by ⊤𝑃  (no problem to be solved). By definition, ⊤𝑚𝑝 is 
complete for any ground substitution, and ⊥𝑝𝑝 is incomplete. In the inference rules we also extend the set of matching problems by a 
special matching problem ⊥𝑚𝑝 that represents a matching problem which is not complete w.r.t. any constructor ground substitution. 
Similarly, we define ⊤𝑝𝑝 as a new pattern problem that is always complete.
Definition 6  (Reduction Rules for Linear Pattern Problems). We define the reduction relation → from matching problems to extended 
matching problems by the following rules.

{𝑓 (𝑡1,… , 𝑡𝑛) ∼ 𝑓 (𝓁1,… ,𝓁𝑛)} ⊎ 𝑚𝑝 → {𝑡1 ∼ 𝓁1,… , 𝑡𝑛 ∼ 𝓁𝑛} ∪ 𝑚𝑝 (decompose)

{𝑡 ∼ 𝑥} ⊎ 𝑚𝑝 → 𝑚𝑝 if ∀𝑠 ∼ 𝓁 ∈ 𝑚𝑝. 𝑥 ∉ 𝖵𝖺𝗋(𝓁) (match)

{𝑓 (…) ∼ 𝑔(…)} ⊎ 𝑚𝑝 → ⊥𝑚𝑝 if 𝑓 ≠ 𝑔 (clash)

On top of this we define the relation ⇒ from pattern problems to sets of pattern problems as follows:
{𝑚𝑝} ⊎ 𝑝𝑝 ⇒ {{𝑚𝑝′} ∪ 𝑝𝑝} if 𝑚𝑝→ 𝑚𝑝′ ≠ ⊥𝑚𝑝 (simp-mp)

{𝑚𝑝} ⊎ 𝑝𝑝 ⇒ {𝑝𝑝} if 𝑚𝑝→ ⊥𝑚𝑝 (remove-mp)

{⊤𝑚𝑝} ⊎ 𝑝𝑝 ⇒ ⊤𝑃 (success)

𝑝𝑝 ⇒ 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) if 𝑥 ∼ 𝑓 (…) ∈ 𝑚𝑝 ∈ 𝑝𝑝 (instantiate)

Here, for a pattern problem 𝑝𝑝 and a variable 𝑥 ∶ 𝜄0 ∈  , the pattern problem set 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) consists of a pattern problem 𝑝𝑝𝜎𝑥,𝑐 =
{{𝑡𝜎𝑥,𝑐 ∼ 𝓁 ∣ 𝑡 ∼ 𝓁 ∈ 𝑚𝑝} ∣ 𝑚𝑝 ∈ 𝑝𝑝} for each 𝑐 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈ , where 𝜎𝑥,𝑐 = [𝑥↦ 𝑐(𝑥1,… , 𝑥𝑛)] for distinct fresh variables 𝑥1 ∶
𝜄1,… , 𝑥𝑛 ∶ 𝜄𝑛 ∈  .

As a special case of (match), one has {𝑡 ∼ 𝑥} → ∅ = ⊤𝑚𝑝; similarly, as a special case of (remove-mp), one has {𝑚𝑝} ⇒ {∅} = {⊥𝑝𝑝}
when 𝑚𝑝→ ⊥𝑚𝑝.

We further define the reduction relation ⇒𝑛𝑑 from pattern problems to extended pattern problems , which makes non-deterministic 
choices: 𝑝𝑝⇒𝑛𝑑 𝑝𝑝′ iff 𝑝𝑝 ⇒ 𝑃  and 𝑝𝑝′ ∈ 𝑃 , and 𝑝𝑝 ⇒𝑛𝑑 ⊤𝑝𝑝 iff 𝑝𝑝 ⇒ ⊤𝑃 . 

Clearly, rules (decompose), (match) and (clash) correspond to a standard matching algorithm, and (simp-mp) and (remove-mp) 
lift these simplifications on matching problems to pattern problems. The (success) rule identifies solved matching problems in which 
case the whole pattern problem is pattern complete, so no new problems are generated. Finally there is the (instantiate) rule. Here 
a matching algorithm would detect a failure since a variable 𝑥 is never matched by a non-variable term 𝑓 (…). However, since the 𝑥
in our setting just represents an arbitrary constructor ground term, we need to do case analysis on the outermost constructor. This is 
done by replacing 𝑥 ∶ 𝜄0 ∈  by all possible constructor terms of shape 𝑐(𝑥1,… , 𝑥𝑛) for all 𝑐 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈ .

For a binary relation →, →∗ denotes its reflexive transitive closure, and →! is defined as reduction to normal form, i.e., 𝑥 →! 𝑦
iff 𝑥→∗ 𝑦 and there exist no 𝑧 with 𝑦 ⇒𝑛𝑑 𝑧. The following theorem gives an algorithm for deciding pattern completeness of linear 
pattern problems.
Theorem 7  (Decision Procedure for Linear Pattern Problems). A linear pattern problem 𝑝𝑝 is complete iff 𝑝𝑝 ⇒!

𝑛𝑑 ⊥𝑝𝑝 does not hold, 
which is decidable. More precisely:

• ⇒𝑛𝑑 is terminating.
• If 𝑝𝑝 ⇒ 𝑃 ′, then 𝑝𝑝 is complete iff all 𝑝𝑝′ ∈ 𝑃 ′ are complete.
• If 𝑝𝑝 is linear and 𝑝𝑝 ⇒𝑛𝑑 𝑝𝑝′, then 𝑝𝑝′ is linear.
• If 𝑝𝑝 is linear and 𝑝𝑝 ⇒!

𝑛𝑑 𝑝𝑝
′, then 𝑝𝑝′ ∈ {⊤𝑝𝑝, ⊥𝑝𝑝}.

• If 𝑝𝑝 is linear, then 𝑝𝑝 is incomplete iff 𝑝𝑝 ⇒!
𝑛𝑑 ⊥𝑝𝑝.

Proof.  The property that normal forms will be either ⊤𝑝𝑝 or ⊥𝑝𝑝 follows by an easy analysis of the rules. In particular (clash), 
(decompose), (match), and (instantiate) cover all cases of 𝑡 ∼ 𝓁 of a linear matching problem, i.e., whether these terms are variables 
or function applications, and whether the root symbol of both terms is identical or not. Note that the condition in (match) is always 
satisfied for linear matching problems.
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Preserving completeness is argued as follows. First, it is easy to check that if 𝑚𝑝→ 𝑚𝑝′, then for every 𝜎, 𝑚𝑝 is complete with 
respect to 𝜎 iff so is 𝑚𝑝′. In combination with incompleteness of ⊥𝑚𝑝 and completeness of ⊤𝑚𝑝, this shows that rules (simp-mp), 
(remove-mp), and (success) preserve completeness. It remains to treat rule (instantiate), but its completeness was already explained 
in the paragraph directly after Definition 6.

Preservation of linearity follows by an easy analysis of the rules: the only interesting rule is (instantiate) where new matchee 
terms are introduced by applying 𝜎𝑥,𝑐 = [𝑥 ↦ 𝑐(𝑥1,… , 𝑥𝑛)]; and this substitution preserves linearity, since the variables 𝑥1,… , 𝑥𝑛 are 
distinct and fresh.

The most interesting aspect is termination. To prove it, we first define a measure |𝑡 ∼ 𝓁|diff for a matching atom 𝑡 ∼ 𝓁:

•
|𝑥 ∼ 𝓁|diff is the number of function symbols in 𝓁,

•
|𝑓 (𝑡1,… , 𝑡𝑛) ∼ 𝑓 (𝓁1,… ,𝓁𝑛)|diff =

∑𝑛
𝑖=1 |𝑡𝑖 ∼ 𝓁𝑖|diff, and

•
|𝑡 ∼ 𝓁|diff = 0 in all other cases.

We lift this measure to pattern problems by |𝑝𝑝|diff =
∑

𝑡∼𝓁∈𝑚𝑝∈𝑝𝑝 |𝑡 ∼ 𝓁|diff. This measure has the nice property that each ⇒𝑛𝑑 -step 
weakly decreases and any ⇒𝑛𝑑 -step originating from the (instantiate) rule strictly decreases w.r.t. this measure. Hence, (instantiate) 
cannot be applied infinitely often. That the remaining rules terminate does not need a complicated measure: their application decreases 
the number of symbols of matchee terms 𝑡 in a pattern problem.

Finally, we can assemble all previous results to prove the theorem. For the one direction we assume 𝑝𝑝 ⇒!
𝑛𝑑 ⊥𝑝𝑝. Then in particular 

𝑝𝑝 ⇒∗
𝑛𝑑 ⊥𝑝𝑝 and by induction on the length of this derivation we obtain that 𝑝𝑝 must be incomplete, using preservation of completeness. 

For the other direction we assume that 𝑝𝑝 is linear and incomplete. Now we perform induction on ⇒𝑛𝑑 to prove 𝑝𝑝⇒!
𝑛𝑑 ⊥𝑝𝑝. If 𝑝𝑝 is 

already in normal form w.r.t. ⇒𝑛𝑑 , then by the shape of normal forms we know that 𝑝𝑝 must be ⊤𝑝𝑝 or ⊥𝑝𝑝. Using that 𝑝𝑝 is incomplete, 
we conclude 𝑝𝑝 = ⊥𝑝𝑝 and hence, 𝑝𝑝 ⇒!

𝑛𝑑 ⊥𝑝𝑝. In the other case, 𝑝𝑝 is not in normal form. Hence, there must be some 𝑝𝑝′ such that 
𝑝𝑝 ⇒𝑛𝑑 𝑝𝑝′, and by the definition of ⇒𝑛𝑑 there is some 𝑃  satisfying 𝑝𝑝′ ∈ 𝑃  and 𝑝𝑝 ⇒ 𝑃 . Using the completeness of ⇒ in combination 
with incompleteness of 𝑝𝑝, there is at least one incomplete pattern problem 𝑝𝑝′′ ∈ 𝑃 . By preservation of linearity and the induction 
hypothesis, we conclude 𝑝𝑝′′ ⇒!

𝑛𝑑 ⊥𝑝𝑝 and hence 𝑝𝑝 ⇒𝑛𝑑 𝑝𝑝′′ ⇒!
𝑛𝑑 ⊥𝑝𝑝. ∎

So, completeness of linear pattern problems is decidable. Let us illustrate the algorithm on a previous example.

Example 8. The algorithm validates that ℕ in Example 1 is pattern complete. A branching in the tree indicates an application of 
the (instantiate)-rule, and each other edge in the tree represents a sequence of non-branching ⇒𝑛𝑑 steps.

𝑝𝑝 = {{𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝟢)}, {𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝗌(𝟢))}, {𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝗌(𝗌(𝑥)))}}

{{𝑦 ∼ 𝟢}, {𝑦 ∼ 𝗌(𝟢)}, {𝑦 ∼ 𝗌(𝗌(𝑥))}}

{{𝟢 ∼ 𝟢}, {𝟢 ∼ 𝗌(𝟢)}, {𝟢 ∼ 𝗌(𝗌(𝑥))}}

{⊤𝑚𝑝, ⊥𝑚𝑝, ⊥𝑚𝑝}

⊤𝑝𝑝

𝑦∕𝟢

{{𝗌(𝑧) ∼ 𝟢}, {𝗌(𝑧) ∼ 𝗌(𝟢)}, {𝗌(𝑧) ∼ 𝗌(𝗌(𝑥))}}

{⊥𝑚𝑝, {𝑧 ∼ 𝟢}, {𝑧 ∼ 𝗌(𝑥)}}

{{𝑧 ∼ 𝟢}, {𝑧 ∼ 𝗌(𝑥)}}

{{𝟢 ∼ 𝟢}, {𝟢 ∼ 𝗌(𝑥)}}

{⊤𝑚𝑝, ⊥𝑚𝑝}

⊤𝑝𝑝

𝑧∕𝟢

{{𝗌(𝑦) ∼ 𝟢}, {𝗌(𝑦) ∼ 𝗌(𝑥)}}

{⊥𝑚𝑝, ⊤𝑚𝑝}

⊤𝑝𝑝

𝑧∕𝗌(𝑦)

𝑦∕𝗌(𝑧)
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Regarding the complexity of the algorithm for linear pattern problems, we will prove that our algorithm is optimal. Note that 
deciding quasi-reducibility is co-NP complete [17], and this result carries over to pattern completeness: the restriction to just search 
for matches at the root position in pattern completeness does not lead to a lower complexity class.

We show that pattern completeness is co-NP hard, and afterwards show that a non-deterministic run of our algorithm returns in 
polynomial time for incomplete pattern problems.
Theorem 9. Deciding pattern completeness is co-NP hard for both TRSs and pattern problems, even in the linear case. 
Proof.  We perform a reduction from the Boolean satisfiability problem for conjunctive normal forms (CNFs). So assume 𝜑 is a CNF 
that contains 𝑛 different Boolean variables 𝑥1,… , 𝑥𝑛 and consists of 𝑚 clauses 𝑐1,… , 𝑐𝑚. W.l.o.g. we assume that no clause 𝑐𝑖 contains 
conflicting literals, i.e., 𝑥𝑗 and ¬𝑥𝑗 for the same 𝑗, because such clauses are trivially valid and can therefore be removed from the set 
of clauses in polynomial time.

We translate 𝜑 into the following left-linear TRS. We use a signature that contains the two Booleans 𝗍𝗋𝗎𝖾 and 𝖿𝖺𝗅𝗌𝖾 as constructors, 
and there is one defined symbol 𝖿 ∶ 𝔹 ×… × 𝔹 → 𝔹 of arity 𝑛. We then define the TRS 𝜑 over this signature. It contains 𝑚 rules where 
the 𝑖th rule has the form 𝓁𝑖 ∶= 𝖿 (𝑡𝑖1,… , 𝑡𝑖𝑛) → 𝗍𝗋𝗎𝖾 and 𝑡𝑖𝑗 is defined as 𝖿𝖺𝗅𝗌𝖾 if 𝑥𝑗 ∈ 𝑐𝑖, 𝗍𝗋𝗎𝖾 if ¬𝑥𝑗 ∈ 𝑐𝑖, and 𝑥𝑗 , otherwise. For instance, 
if 𝑛 = 5 and 𝑐2 = {¬𝑥1, 𝑥3, 𝑥4} then 𝓁2 = 𝖿 (𝗍𝗋𝗎𝖾, 𝑥2, 𝖿𝖺𝗅𝗌𝖾, 𝖿𝖺𝗅𝗌𝖾, 𝑥5). It is clear that this translation is computable in time proportional to 
𝑛 × 𝑚.

For every variable assignment 𝛼 ∶ {𝑥1,… , 𝑥𝑛} → 𝔹, let 𝖿𝛼 be the term 𝖿 (𝛼(𝑥1),… , 𝛼(𝑥𝑛)). Consequently, for every 𝛼 and clause 𝑐𝑖
we see that 𝛼 ⊧ 𝑐𝑖 iff 𝖿𝛼 is not matched by 𝓁𝑖. Therefore, 𝜑 is unsatisfiable iff 𝜑 is pattern complete.

Of course, instead of using the TRS 𝜑, one can equivalently use the linear pattern problem 𝑝𝑝𝜑 ∶= {{𝑓 (𝑥1,… , 𝑥𝑛) ∼
𝓁1},… , {𝑓 (𝑥1,… , 𝑥𝑛) ∼ 𝓁𝑚}} and derive that 𝜑 is unsatisfiable iff 𝑝𝑝𝜑 is complete. ∎

In order to show the non-deterministic polynomial time complexity of the algorithm for linear pattern problems, we will adjust 
the measure that was used for the termination proof in a way that we get a strict decrease for all rules, and that the measure is 
polynomially bounded in the size of the pattern problem. To this end, let us be more precise on the currently utilized measures and 
the results so far.
Definition 10  (Symbols). We define syms(𝑡) as the multiset of symbols in a term 𝑡.

• syms(𝑥) = {𝑥} if 𝑥 ∈  , and
• syms(𝑓 (𝑡1,… , 𝑡𝑛)) = {𝑓} ∪ syms(𝑡1) ∪ … ∪ syms(𝑡𝑛)

For a pattern problem, we further define the multiset of symbols of matchee terms 𝑡 within the pattern problem.
tsyms(𝑝𝑝) ∶=

⋃

𝑡∼𝓁∈𝑚𝑝∈𝑝𝑝
syms(𝑡)

The size of matchee terms within a pattern problem is defined as
|𝑝𝑝|tsize ∶= |tsyms(𝑝𝑝)|

Lemma 11  (Size Estimations). Assume that 𝑝𝑝 ⇒ 𝑃  and 𝑝𝑝′ ∈ 𝑃 .

• If 𝑝𝑝⇒ 𝑃  is due to rules (simp-mp) or (remove-mp), then tsyms(𝑝𝑝) ⊃ tsyms(𝑝𝑝′) and hence |𝑝𝑝|tsize > |

|

𝑝𝑝′|
|tsize. Moreover, |𝑝𝑝|diff ≥

|

|

𝑝𝑝′|
|diff.

• If 𝑝𝑝 ⇒ 𝑃  is due to rule (instantiate), then |𝑝𝑝|diff > |

|

𝑝𝑝′|
|diff, but |𝑝𝑝|tsize ≤ |

|

𝑝𝑝′|
|tsize.

The challenge at this point is to develop a combined measure such that the increase of |⋅|tsize in the (instantiate) case is compensated 
by the decrease of |⋅|diff. To this end, let us briefly recall to what extend |⋅|tsize is increased via (instantiate).

During the (instantiate) step a variable 𝑥 is replaced by 𝑐(𝑥1,… , 𝑥𝑛). Each such replacement increases the number of symbols by 
exactly 𝑛, which can be bounded from above by the maximum arity of the symbols in . In order to know how often this replacement 
happens, we have to count how often the variable 𝑥 occurs in a pattern problem. We will bound this number from above by yet 
another measure, |⋅|dup, that expresses the maximum duplication factor of variables in matchee terms. With this auxiliary measure 
we will then design the overall measure |⋅|𝛼,pat for pattern problems.
Definition 12  (Measure for Pattern Problems). The maximum duplication factor of a pattern problem is defined as

|𝑝𝑝|dup ∶= max{count(𝑥, tsyms(𝑝𝑝)) ∣ 𝑥 ∈ }

where count(𝑥,𝑀) counts how often 𝑥 occurs in multiset 𝑀 .
The overall measure for pattern problems is parametrized by some constant 𝛼 ∈ ℕ.3 It is defined as 

|𝑝𝑝|𝛼,pat ∶= (𝛼 + |𝑝𝑝|diff) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize

where 𝗆 is the maximum arity of the symbols in . The input size of a pattern problem is defined as
|𝑝𝑝|size ∶=

∑

𝑡∼𝓁∈𝑚𝑝∈𝑝𝑝
(|𝑡| + |𝓁|)

3 For the upcoming Theorem 15 we do not really need 𝛼 and can set it to 0, but 𝛼 will be required later for the proof of Theorem 40.
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It is easy to see that |𝑝𝑝|𝛼,pat is polynomially bounded from above by the input size |𝑝𝑝|size, since max {|𝑝𝑝|diff, |𝑝𝑝|dup, |𝑝𝑝|tsize} ≤
|𝑝𝑝|size.

Lemma 13  (Connecting |𝑝𝑝|𝛼,pat and |𝑝𝑝|size). |𝑝𝑝|𝛼,pat ≤ (𝛼 + |𝑝𝑝|size) ⋅ (|𝑝𝑝|size ⋅𝗆 + 2). 

Lemma 14  (Extended Size Estimation). If 𝑝𝑝 ⇒ 𝑃  and 𝑝𝑝′ ∈ 𝑃 , then |𝑝𝑝|𝛼,pat > |

|

𝑝𝑝′|
|𝛼,pat. 

Proof.  If 𝑝𝑝 ⇒ 𝑃  was caused by rules (simp-mp) or (remove-mp), then tsyms(𝑝𝑝) ⊃ tsyms(𝑝𝑝′) and hence |𝑝𝑝|dup ≥ |

|

𝑝𝑝′|
|dup. In com-

bination with Lemma 11, we conclude |𝑝𝑝|𝛼,pat > |

|

𝑝𝑝′|
|𝛼,pat.

Suppose that 𝑝𝑝 ⇒ 𝑃  was due to rule (instantiate). Then we have |𝑝𝑝|tsize + |𝑝𝑝|dup ⋅𝗆 ≥ |

|

𝑝𝑝′|
|tsize from the discussion above. We 

also have |𝑝𝑝|dup ≥ |

|

𝑝𝑝′|
|dup since count(𝑥𝑖, tsyms(𝑝𝑝′)) = count(𝑥, tsyms(𝑝𝑝)) for each fresh variable 𝑥𝑖 introduced when substituting 

𝑥 by 𝑐(𝑥1,… , 𝑥𝑛).
The desired decrease is obtained as follows.

|𝑝𝑝|𝛼,pat = (𝛼 + |𝑝𝑝|diff) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize
≥ (𝛼 + |

|

𝑝𝑝′|
|diff + 1) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize

= (𝛼 + |

|

𝑝𝑝′|
|diff) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize + |𝑝𝑝|dup ⋅𝗆 + 1

> (𝛼 + |

|

𝑝𝑝′|
|diff) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize + |𝑝𝑝|dup ⋅𝗆

≥ (𝛼 + |

|

𝑝𝑝′|
|diff) ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |

|

𝑝𝑝′|
|tsize

≥ (𝛼 + |

|

𝑝𝑝′|
|diff) ⋅ (||𝑝𝑝

′
|

|dup ⋅𝗆 + 1) + |

|

𝑝𝑝′|
|tsize

= |

|

𝑝𝑝′|
|𝛼,pat ∎

Theorem 15  (Linear Pattern Problems in co-NP). Completeness of linear pattern problems is in co-NP, i.e., incompleteness is NP. 
Proof.  Our algorithm is to non-deterministically reduce the input by ⇒𝑛𝑑 and return false when reaching ⊥𝑝𝑝. This algorithm has 
non-deterministic polynomial-time complexity, since:

• If 𝑝𝑝 ⇒𝑛𝑑 𝑝𝑝′, then |𝑝𝑝|𝛼,pat > |

|

𝑝𝑝′|
|𝛼,pat by Lemma 14.

• If 𝑝𝑝 ⇒𝑛
𝑛𝑑 𝑝𝑝

′, then |𝑝𝑝|𝛼,pat ≥ |

|

𝑝𝑝′|
|𝛼,pat + 𝑛.

• The maximum length of sequences of ⇒𝑛𝑑 -steps starting from 𝑝𝑝 is bounded from above by |𝑝𝑝|0,pat and hence also by |𝑝𝑝|size ⋅
(|𝑝𝑝|size ⋅𝗆 + 2) by using the definition of |𝑝𝑝|0,pat in Definition 12. In total, this given a polynomial upper bound w.r.t. the input 
size.

• Each ⇒𝑛𝑑 -step can be implemented in polynomial time. ∎

In the remainder of this section we study two variants of the non-deterministic algorithm. We illustrate how to turn the non-
deterministic algorithm that uses both kinds of non-determinism into an algorithm that only includes don’t-care non-determinism, 
and we show how to integrate counterexample generation.

In order to get rid of the second kind of non-determinism, instead of working on single pattern problem, one now stores a full set 
of pattern problems, namely, those pattern problems in the search tree that still need to be investigated. As a consequence, the only 
non-determinism that remains is the selection of rules, and this selection is not important for the result. If one further fixes some order 
on the application of rules and also fixes some selection strategy for matching atoms and matching problems and pattern problems, 
then one obtains a fully deterministic algorithm.

Definition 16. We define ⇛ as a relation between sets of pattern problems and extended sets of pattern problems, where ⊥𝑃  is a 
special set of pattern problems that encodes incompleteness.

{𝑝𝑝} ⊎ 𝑃 ⇛ 𝑃 ′ ∪ 𝑃 if 𝑝𝑝⇒ 𝑃 ′ (simp-pp)

{⊥𝑝𝑝} ⊎ 𝑃 ⇛ ⊥𝑃 (failure)

Note that ⇛ has already been presented in the FSCD paper, but there everything has been proven directly for ⇛ and there has not 
been an NP algorithm for deciding pattern incompleteness.

The soundness of ⇛ is an easy consequence of Theorem 7, where the main difference is that instead of considering all sequences 
of ⇒ steps, one just has to consider a single sequence of ⇛ steps.

Theorem 17  (Don’t Care Non-Deterministic Decision Procedure for Completeness of Linear Pattern Problems). 

• ⇛ is terminating.
• If 𝑃 ⇛ 𝑃 ′, then all 𝑝𝑝 ∈ 𝑃  are complete iff all 𝑝𝑝′ ∈ 𝑃 ′ are complete.
• If all 𝑝𝑝 ∈ 𝑃  are linear and 𝑃 ⇛ 𝑃 ′, then all 𝑝𝑝′ ∈ 𝑃 ′ are linear.
• If all 𝑝𝑝 ∈ 𝑃  are linear and 𝑃 ⇛! 𝑃 ′, then 𝑃 ′ ∈ {⊤𝑃 , ⊥𝑃 }.
• If 𝑝𝑝 is linear and {𝑝𝑝} ⇛! 𝑃 , then 𝑝𝑝 is complete iff 𝑃 = ⊤𝑃 .
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Example 18. The computation in Example 8 is simulated in the don’t-care non-deterministic algorithm as follows, where the singleton 
steps are exactly the applications of the (instantiate) rule.

{ {{𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝟢)}, {𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝗌(𝟢))}, {𝖾𝗏𝖾𝗇(𝑦) ∼ 𝖾𝗏𝖾𝗇(𝗌(𝗌(𝑥)))}} }

⇛∗ { {{𝑦 ∼ 𝟢}, {𝑦 ∼ 𝗌(𝟢)}, {𝑦 ∼ 𝗌(𝗌(𝑥))}} }
⇛ { {{𝟢 ∼ 𝟢}, {𝟢 ∼ 𝗌(𝟢)}, {𝟢 ∼ 𝗌(𝗌(𝑥))}},

{{𝗌(𝑧) ∼ 𝟢}, {𝗌(𝑧) ∼ 𝗌(𝟢)}, {𝗌(𝑧) ∼ 𝗌(𝗌(𝑥))}} }
⇛∗ { {⊤𝑚𝑝, ⊥𝑚𝑝, ⊥𝑚𝑝},

{⊥𝑚𝑝, {𝑧 ∼ 𝟢}, {𝑧 ∼ 𝗌(𝑥)}} }
⇛∗ { {{𝑧 ∼ 𝟢}, {𝑧 ∼ 𝗌(𝑥)}} }
⇛ { {{𝟢 ∼ 𝟢}, {𝟢 ∼ 𝗌(𝑥)}}, {{𝗌(𝑦) ∼ 𝟢}, {𝗌(𝑦) ∼ 𝗌(𝑥)}} }
⇛∗ { {⊤𝑚𝑝, ⊥𝑚𝑝}, {⊥𝑚𝑝, ⊤𝑚𝑝} }
⇛∗ ⊤𝑃

If one implements a strategy of ⇛ that corresponds to a depth-first search of the non-deterministic computation, then one obtains 
an algorithm which runs with polynomial space usage and has at most a single exponential time consumption, since a full computation 
tree of ⇒𝑛𝑑 has polynomial depth and a branching factor of at most ||.

Note that both ⇒𝑛𝑑 and ⇛ can be modified to support counterexample generation, i.e., in case of a negative result one returns a 
constructor substitution that violates the completeness of the initial pattern problem. To achieve this, for each pattern problem we 
additionally store a constructor substitution 𝛿 during the execution of the algorithms. This substitution is initially empty, i.e., nothing 
is instantiated, and 𝛿 will keep track of the instantiations that are performed during the algorithm. For instance, the inference rules 
of ⇒ are modified as follows:

({𝑚𝑝} ⊎ 𝑝𝑝, 𝛿) ⇒ {({{𝑚𝑝′} ∪ 𝑝𝑝}, 𝛿)} if 𝑚𝑝→ 𝑚𝑝′ ≠ ⊥𝑚𝑝 (simp-mp)

({𝑚𝑝} ⊎ 𝑝𝑝, 𝛿) ⇒ {({𝑝𝑝}, 𝛿)} if 𝑚𝑝→ ⊥𝑚𝑝 (remove-mp)

({⊤𝑚𝑝} ⊎ 𝑝𝑝, 𝛿) ⇒ ⊤𝑃 (success)

(𝑝𝑝, 𝛿) ⇒ {(𝑝𝑝𝜎𝑥,𝑐 , 𝛿𝜎𝑥,𝑐 ) ∣ 𝑐 ∶ ⋯ ∈ } if … (instantiate)

Here, the dots refer to the original definitions and conditions of the (instantiate) rule where the definition of 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) has been 
expanded.

4.  Pattern completeness – the general case

In the non-linear case both ⇒𝑛𝑑 and ⇛—might get stuck, e.g., if there is a matching problem {𝑡 ∼ 𝑥, 𝑡′ ∼ 𝑥} for 𝑡 ≠ 𝑡′, one obtains 
normal forms which are different from ⊥𝑝𝑝, ⊤𝑝𝑝, ⊥𝑃  and ⊤𝑃 . To treat such cases we have to add further simplification rules. In order 
to do so without breaking termination, we need to take finiteness of sorts into account, cf. Example 19.
Example 19. Consider a TRS to determine the majority of three values: {𝖿 (𝑥, 𝑥, 𝑦) → 𝑥, 𝖿 (𝑥, 𝑦, 𝑥) → 𝑥, 𝖿 (𝑦, 𝑥, 𝑥) → 𝑥}. If 𝑥 is a variable 
of a finite sort, then the lhss can be pattern complete: if the sort allows at most two different values, such as the Booleans, then the 
lhss cover all cases. If the sort contains at least three different ground terms 𝑎, 𝑏, 𝑐, then no lhs matches 𝖿 (𝑎, 𝑏, 𝑐). In order to figure out 
which of these cases applies, we may want to instantiate the variables in 𝖿 (𝑥1, 𝑥2, 𝑥3), so that the algorithm can proceed. 

So, we want to allow instantiating variables to judge pattern completeness. For reasons that will be explained later, we only allow 
instantiating variables of finite sorts.

As preparation for the new inference rules we define (the only two) reasons on why two terms differ. 
Definition 20. We say that terms 𝑡 and 𝑡′ clash if 𝑡|𝑝 = 𝑓 (… ) ≠ 𝑔(… ) = 𝑡′|𝑝 with 𝑓 ≠ 𝑔 for some shared position 𝑝 of 𝑡 and 𝑡′. The 
terms 𝑡 and 𝑡′ differ in variable 𝑥 if 𝑡|𝑝 ≠ 𝑡′|𝑝 and 𝑥 ∈ {𝑡|𝑝, 𝑡′|𝑝} for some shared position 𝑝. In this case 𝑥 is named a conflict variable, 
and the other term in {𝑡|𝑝, 𝑡′|𝑝} is named a conflict term. 

We remark that there is a different flavor of problems with non-linear matching problems of the form {𝑡 ∼ 𝑦, 𝑡′ ∼ 𝑦}. A clash of 𝑡
and 𝑡′ immediately leads to matching failure. If there is a difference in variable 𝑥 of finite sort, this can also be handled locally by 
instantiating all possible options of 𝑥. On the other hand, when 𝑥 is of infinite sort, one needs a special care.
Definition 21. Two terms 𝑡 and 𝑡′ have an infinite variable difference if 𝑡 and 𝑡′ differ in variable 𝑥 ∶ 𝜄 ∈  and 𝜄 is infinite. A matching 
problem 𝑚𝑝 has an infinite variable difference, if there are 𝑡, 𝑡′ and 𝑦 such that {𝑡 ∼ 𝑦, 𝑡′ ∼ 𝑦} ⊆ 𝑚𝑝, and 𝑡 and 𝑡′ have an infinite variable 
difference. 

We remark that it is easy to compute whether a matching problem contains an infinite variable difference, assuming that for every 
sort 𝜄 we know whether it is infinite or finite. In our implementation, we precompute this sort information from the sort descriptions, 
see page 21 for more details.

By adding three rules for the three kinds of differences described above, we obtain the inference rules for non-linear pattern 
problems.
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Definition 22  (Reduction Rules for Arbitrary Pattern Problems). We take all rules of Definition 6 and add the following ones.
{𝑡 ∼ 𝑥, 𝑡′ ∼ 𝑥} ⊎ 𝑚𝑝 → ⊥𝑚𝑝 if 𝑡 and 𝑡′ clash (clash)

𝑝𝑝 ⇒ {⊥𝑝𝑝} if each 𝑚𝑝 ∈ 𝑝𝑝 has an infinite variable difference and 𝑝𝑝 ≠ ⊥𝑝𝑝 (inf-diff)

𝑝𝑝 ⇒ 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) if 𝑡 and 𝑡′ differ in variable 𝑥 ∶ 𝜄 ∈  , 𝜄 is finite, and {𝑡 ∼ 𝑦, 𝑡′ ∼ 𝑦} ⊆ 𝑚𝑝 ∈ 𝑝𝑝 (instantiate’)

The relations ⇒𝑛𝑑 and ⇛ are defined as before, but now based on the extended inference rules of ⇒. 
Indeed, with these new rules, ⇒𝑛𝑑 and ⇛ cannot get stuck even for non-linear inputs, cf. the upcoming Theorem 24.
Infinite variable differences can only be handled via (inf-diff) if all matching problems show such a difference. It is unsound to 

turn (inf-diff) into a local rule for matching problems, i.e., if we would make (inf-diff) similar to (clash’).
Example 23. Consider lhss {𝖿 (𝑥, 𝑥), 𝖿 (𝗌(𝑥), 𝑦), 𝖿 (𝑥, 𝗌(𝑦))}, where 𝖿 ∶ ℕ × ℕ → ℕ is defined and 𝟢 ∶ ℕ and 𝗌 ∶ ℕ → ℕ are the constructors. 
We can start to apply the rules as follows:

{{𝖿 (𝑥1, 𝑥2) ∼ 𝖿 (𝑥, 𝑥)}, {𝖿 (𝑥1, 𝑥2) ∼ 𝖿 (𝗌(𝑥), 𝑦)}, {𝖿 (𝑥1, 𝑥2) ∼ 𝖿 (𝑥, 𝗌(𝑦))}}

⇒∗
𝑛𝑑 {{𝑥1 ∼ 𝑥, 𝑥2 ∼ 𝑥}, {𝑥1 ∼ 𝗌(𝑥)}, {𝑥2 ∼ 𝗌(𝑦)}} =∶ 𝑝𝑝

If at this point we would remove the matching problem {𝑥1 ∼ 𝑥, 𝑥2 ∼ 𝑥} from 𝑝𝑝 because of a difference in variable 𝑥1, then we 
would switch from the complete pattern problem 𝑝𝑝 to the incomplete pattern problem 𝑝𝑝 ⧵ {{𝑥1 ∼ 𝑥, 𝑥2 ∼ 𝑥}}: the constructor ground 
substitution 𝜎 where 𝜎(𝑥1) = 𝜎(𝑥2) = 𝟢 is covered by 𝑝𝑝, but not by 𝑝𝑝 ⧵ {{𝑥1 ∼ 𝑥, 𝑥2 ∼ 𝑥}}. 

The reason why (instantiate’) is restricted to finite sorts is to ensure termination. For instance, assuming that all variables are of 
sort ℕ, we would get an infinite sequence without the restriction:

{{𝑥 ∼ 𝑧, 𝑦 ∼ 𝑧}} ⇒𝑛𝑑 {{𝗌(𝑥1) ∼ 𝑧, 𝑦 ∼ 𝑧}}

⇒𝑛𝑑 {{𝗌(𝑥1) ∼ 𝑧, 𝗌(𝑦1) ∼ 𝑧}} ⇒𝑛𝑑 {{𝗌(𝗌(𝑥2)) ∼ 𝑧, 𝗌(𝑦1) ∼ 𝑧}}

⇒𝑛𝑑 {{𝗌(𝗌(𝑥2)) ∼ 𝑧, 𝗌(𝗌(𝑦2)) ∼ 𝑧}} ⇒𝑛𝑑 …

We state a result similarly to Theorem 7 for the linear case, though its proof is much more involved.
Theorem 24  (Non-Deterministic Decision Procedure for Completeness of Pattern Problems). Consider ⇒𝑛𝑑 of Definition 22.

• ⇒𝑛𝑑 is terminating.
• If 𝑝𝑝 ⇒ 𝑃 ′, then 𝑝𝑝 is complete iff all 𝑝𝑝′ ∈ 𝑃 ′ are complete.
• If 𝑝𝑝 and 𝑝𝑝⇒!

𝑛𝑑 𝑝𝑝
′, then 𝑝𝑝′ ∈ {⊤𝑝𝑝, ⊥𝑝𝑝}.

• Pattern problem 𝑝𝑝 is incomplete iff 𝑝𝑝 ⇒!
𝑛𝑑 ⊥𝑝𝑝.

Proof.  It is easy to see that the only possible normal forms are ⊤𝑝𝑝 and ⊥𝑝𝑝.
Termination is more complicated. We reuse the measures |⋅|diff and |⋅|tsize from the linear case, and combine it with one further 

measure:

•
|𝑝𝑝|fv-size is used to measure the size of variables of finite sort. To be more precise, for some finite sort 𝜄, we first define |𝜄|max-size
as the maximum term size of a constructor ground term of sort 𝜄. On top of this auxiliary measure we define

|𝑝𝑝|fv-size =
∑

𝑡∼𝓁∈𝑚𝑝∈𝑝𝑝, 𝑥∶𝜄∈𝖵𝖺𝗋(𝑡), 𝜄 is a finite sort
|𝜄|max-size

In other words, for |⋅|fv-size we collect all variables of matchee terms of a pattern problem, and for each such variable 𝑥 of a finite 
sort 𝜄 we add the maximum term size of 𝜄.

The order ≻ on pattern problems is then defined as the lexicographic comparison of the triples (|𝑝𝑝|diff, |𝑝𝑝|fv-size, |𝑝𝑝|tsize) that are 
obtained from a pattern problem 𝑝𝑝.

All rules on pattern problems give rise to a decrease w.r.t. ≻, as it is indicated in the following matrix: To be be more precise, 
consider a step 𝑝𝑝 ⇒ 𝑃  and 𝑝𝑝′ ∈ 𝑃 . Then the decreases of 𝑝𝑝 and 𝑝𝑝′ w.r.t. the utilized measures are as follows.

|⋅|diff |⋅|fv-size |⋅|tsize

 (instantiate)  > – –
 (instantiate’) ≥  > –
 (simp-pp), (remove-mp), (inf-diff) ≥ ≥ >

The reason for the decrease of (instantiate’) is that whenever we instantiate some variable 𝑥 of finite sort 𝜄 by 𝑐(𝑥1,… , 𝑥𝑛), then each 
𝑥𝑖 must also be of some finite sort 𝜄𝑖, and moreover |𝜄|max-size ≥ 1 + |

|

𝜄1||max-size +…+ |

|

𝜄𝑛||max-size > |

|

𝜄1||max-size +…+ |

|

𝜄𝑛||max-size, and 
hence the |⋅|fv-size-measure strictly decreases.

Partial correctness is the most challenging part, where the difficulty is the new rule (inf-diff). We prove that 𝑝𝑝 is not complete, 
whenever (inf-diff) is applied for 𝑝𝑝. To this end, we build a constructor ground substitution 𝜎 such that 𝑝𝑝𝜎 is incomplete.
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In detail: We define that two terms 𝑡 and 𝑡′ have an infinite conflict if they clash or differ in a variable of infinite sort, and they 
contain no variables of finite sort. A matching problem 𝑚𝑝 has an infinite conflict if there are 𝑦, 𝑡, 𝑡′ such that {𝑡 ∼ 𝑦, 𝑡′ ∼ 𝑦} ⊆ 𝑚𝑝 and 𝑡
and 𝑡′ have an infinite conflict. A pattern problem 𝑝𝑝 has an infinite conflict if each matching problem 𝑚𝑝 ∈ 𝑝𝑝 has one, and we 

abbreviate this property by 𝐼𝐶(𝑝𝑝).
We will now instantiate variables in 𝑝𝑝 in a stepwise manner, maintaining 𝐼𝐶 as an invariant. Initially the infinite conflicts will be 

caused by differences in variables, but eventually we arrive at clashes only, which ultimately proves incompleteness.
The first step is to show that an instance of 𝑝𝑝 satisfies 𝐼𝐶 whenever (inf-diff) is applicable on 𝑝𝑝. To this end, we define the partial 
ground substitution 𝜎0 on 𝑝𝑝, where all variables of finite sort are instantiated by some constructor ground term of that sort. Since 
(inf-diff) is applicable, we know that all matching problems in 𝑝𝑝𝜎0 still have a difference in a variable of infinite sort, since none of 

these variables gets instantiated by 𝜎0. Consequently, 𝐼𝐶(𝑝𝑝𝜎0) is satisfied.
Having that 𝑝𝑝𝜎0 satisfies the invariant, we now iteratively remove all infinite conflicts that are not clashes by further instantiations, 
𝜎1, 𝜎2,… , 𝜎𝑛. To be more precise, whenever a pattern problem 𝑝𝑝𝜎𝑖 contains an infinite conflict since 𝑡 and 𝑡′ differ in a variable 

𝑥 ∶ 𝜄 ∈  in 𝑝𝑝𝜎𝑖, we build a constructor ground term 𝑢 ∶ 𝜄 ∈  () that is larger than any of the terms in 𝑝𝑝𝜎𝑖. Note that such 𝑢 exists, 
since 𝜄 is infinite. We then choose 𝜎𝑖+1 ∶= 𝜎𝑖[𝑥↦ 𝑢] as the next instantiation. This process will terminate in finitely many steps, since 

the set of variables in 𝑝𝑝𝜎𝑖+1 is a strict subset of that of 𝑝𝑝𝜎𝑖.
At the end of the process, we obtain a partial constructor ground substitution 𝜎𝑛 such that the invariant 𝐼𝐶(𝑝𝑝𝜎𝑛) is satisfied and 
there are no differences of variables of infinite sort anymore. Hence, all matching problems of the final pattern problem 𝑝𝑝𝜎𝑛

contain an infinite conflict in the form of a clash, i.e., we can extend 𝜎𝑛 to any constructor ground substitution 𝜎 that instantiates 
the remaining variables and preserves these clashes. Thus, 𝑝𝑝𝜎 is incomplete by definition.

Finally we prove that the step from 𝑝𝑝𝜎𝑖 to 𝑝𝑝𝜎𝑖+1 indeed preserves 𝐼𝐶. To this end, pick any terms 𝑡 and 𝑡′ of matching problem 
𝑚𝑝 ∈ 𝑝𝑝𝜎𝑖 that cause the infinite conflict. We show by case analysis that also 𝑡[𝑥↦ 𝑢] and 𝑡′[𝑥↦ 𝑢] have an infinite conflict.

• If 𝑡 and 𝑡′ clash at position 𝑝, then there also is a clash of 𝑡[𝑥↦ 𝑢] and 𝑡′[𝑥↦ 𝑢] at the same position 𝑝;
• if 𝑡|𝑝 = 𝑦 ≠ 𝑡′|𝑝 for some 𝑦 ≠ 𝑥, then 𝑡|𝑝[𝑥↦ 𝑢] = 𝑦 ≠ 𝑡′|𝑝[𝑥↦ 𝑢] shows that again there is a difference in 𝑦;
• if 𝑡|𝑝 = 𝑥 ≠ 𝑡′|𝑝 and 𝑡′|𝑝 contains a variable 𝑦 ≠ 𝑥, then 𝑡|𝑝[𝑥↦ 𝑢] = 𝑢 is a ground term whereas 𝑡′|𝑝[𝑥↦ 𝑢] contains variable 𝑦. 
Consequently, the latter terms have a clash along the path to variable 𝑦, or there must be a difference in the variable 𝑦;

• if 𝑡|𝑝 = 𝑥 ≠ 𝑡′|𝑝 and 𝑡′|𝑝 is a ground term, then 𝑡|𝑝[𝑥↦ 𝑢] = 𝑢 ≠ 𝑡′|𝑝 = 𝑡′|𝑝[𝑥 ↦ 𝑢], since 𝑢 is strictly larger than any term of 𝑝𝑝𝜎𝑖, and 
therefore there must be a clash; and finally

• if 𝑡|𝑝 = 𝑥 ≠ 𝑡′|𝑝 and 𝖵𝖺𝗋(𝑡′|𝑝) = {𝑥}, then 𝑡|𝑝[𝑥↦ 𝑢] = 𝑢 and 𝑡′|𝑝[𝑥 ↦ 𝑢] contains 𝑢 as a strict subterm. Hence 𝑡|𝑝[𝑥 ↦ 𝑢] and 𝑡′|𝑝[𝑥↦ 𝑢]
are two different ground terms which must contain a clash. ∎

Note that counterexample generation is possible as in the linear case: for the (instantiate’) rule one just stores 𝜎𝑥𝑐 in the same way 
as it was shown for the (instantiate) rule at the end of Section 3; and the modified (inf-diff) rule with counterexample generation 
looks like

(𝑝𝑝, 𝛿) ⇒ {(⊥𝑝𝑝, 𝛿𝜎)} if … (inf-diff)

where the dots refer to the conditions of the original rule, and the substitution 𝜎 is defined as the constructor ground substitution 
that is described in the partial correctness proof of the (inf-diff) rule.

Example 25. Consider pattern problem {{𝖿 (𝑧, 𝗌(𝑦)) ∼ 𝖿 (𝑥, 𝑥)}} with variables of sort ℕ as in Example 23. A run with counterexample 
generation is as follows 

({{𝖿 (𝑧, 𝗌(𝑦)) ∼ 𝖿 (𝑥, 𝑥)}}, [ ]) ⇒𝑛𝑑 ({{𝑧 ∼ 𝑥, 𝗌(𝑦) ∼ 𝑥}}
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝑝𝑝

, [ ]) ⇒𝑛𝑑 (⊥𝑝𝑝, 𝜎)

where 𝜎 = [𝑧↦ 𝗌(𝗌(𝟢)), 𝑦 ↦ 𝗌(𝗌(𝗌(𝟢)))].
The last step is due to (inf-diff) rule. Since there is no variable of finite sort, the construction of 𝜎 starts with 𝜎0 ∶= [ ]. Since there 

is an infinite variable difference of 𝑧 in 𝑝𝑝, 𝜎1 instantiates 𝑧 by some constructor ground term that is larger than any term in 𝑝𝑝, e.g., 
𝗌(𝗌(𝟢)). The resulting problem 𝑝𝑝[𝑧↦ 𝗌(𝗌(𝟢))] is {{𝗌(𝗌(𝟢)) ∼ 𝑥, 𝗌(𝑦) ∼ 𝑥}}. This problem has an infinite variable difference in 𝑦, and hence 
𝜎2 further instantiates 𝑦 with a constructor ground term that is larger than any term in {{𝗌(𝗌(𝟢)) ∼ 𝑥, 𝗌(𝑦) ∼ 𝑥}}, e.g., 𝗌(𝗌(𝗌(𝟢))). At this 
point no further variables need to be instantiated and 𝜎 = 𝜎2 is the desired counterexample.

Note that the counterexample generation is not included in our verified implementation. 
Whereas the soundness statements of the linear and the non-linear algorithm look very similar—compare Theorems 7 and 24—this 

is not the case if one considers the complexity results: there is no analogous result to Theorem 15 in the general case.
The reason for this omission is actually threefold.

• In the algorithm for the general case, a lexicographic measure is used to prove termination. It is well known, that a lexicographic 
combination of polynomially bounded measures is not necessarily polynomially bound itself.

• The new measure |⋅|fv-size is not polynomially bounded.
• The number of ⇒𝑛𝑑 -steps is not polynomially bounded.

We illustrate the last two reasons in Example 26.
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Example 26. Consider a signature with sorts {𝜄0,… , 𝜄𝑛} where each sort has a single constructor: 𝖼0 ∶ 𝜄0 and 𝖼𝑖+1 ∶ 𝜄𝑖 × 𝜄𝑖 → 𝜄𝑖+1 for 
all 𝑖 < 𝑛. Then every 𝜄𝑖 contains exactly one ground term 𝑡𝑖, which is a full binary tree of depth 𝑖, i.e., |𝑥 ∶ 𝜄𝑖| = |𝑡𝑖| = 2𝑖 − 1 and hence 
|𝑝𝑝|fv-size ≥ 2𝑛 − 1 whenever 𝑝𝑝 contains a variable of sort 𝜄𝑛.

Next consider a TRS with defined symbol 𝖿 ∶ 𝜄𝑛 × 𝜄𝑛 → 𝜄0 which only contains a single left-hand side 𝖿 (𝑥, 𝑥). Pattern completeness 
of this TRS is encoded as the pattern problem 𝑝𝑝 = {{𝑦 ∼ 𝑥, 𝑧 ∼ 𝑥}} where all three variables are of sort 𝜄𝑛. Then every reduction to 
normal form will have the shape 𝑝𝑝 ⇒≥2𝑛

𝑛𝑑 {{𝑡𝑛 ∼ 𝑥, 𝑡𝑛 ∼ 𝑥}} ⇒∗
𝑛𝑑 ⊤𝑝𝑝. 

Example 26 shows that the algorithm is actually using exponential time and space. In order to solve this problem, we will illus-
trate in the upcoming section, how we can modify the inference rules further in order to arrive at an algorithm to decide pattern 
completeness for arbitrary inputs, which again is contained in the complexity class co-NP.

5.  Pattern completeness – the general case in co-NP

The main problem of the high complexity of the current non-deterministic algorithm ⇒𝑛𝑑 is the (instantiate’) rule in Definition 22. 
As it was shown in Example 19, in general one needs to perform some instantiation, but on the other hand, as Example 26 illustrates, 
a full instantiation to constructor ground form is too expensive.

In this section we will alter the (instantiate’) rule in a way that it is applied in a more restrictive way, that ultimately leads to a 
non-deterministic polynomial time algorithm.

This new algorithm will be split into four phases, where we will generate intermediate pattern problems that have a special form.
• The first phase resolves the term structure of patterns. After this phase, all matching atoms are of form 𝑡 ∼ 𝑥 with 𝑥 ∈  .
• The second phase resolves the term structure of 𝑡 above, up to constructor terms of finite sorts. This will require a generalized 
version of the (inf-diff) rule.

• The third phase eliminates those constructors, so that all matching atoms are of form 𝑦 ∼ 𝑥, where 𝑦 is a variable of finite sort. 
The restricted version of (instantiate’) will be included in this phase.

• The forth phase eventually encodes completeness of the resulting problem into a validity statement of a formula, with respect to 
a logic where validity is known to be decidable in co-NP.
We will illustrate the phases on the following challenging example.

Example 27. We consider a TRS with the same sorts and constructors as in Example 26 and a defined symbol 𝖿 ∶ 𝜄0 ×⋯ × 𝜄𝑛 → 𝜄0. 
The TRS has left-hand sides 𝖿 (𝑥0, 𝖼1(𝑥0, 𝑥0), _,… , _), …, 𝖿 (_,… , _, 𝑥𝑛−1, 𝖼𝑛(𝑥𝑛−1, 𝑥𝑛−1)), where each underscore represents a fresh variable, 
and the aim is to check whether the TRS is pattern complete, i.e., the initial pattern problem is:

𝑝𝑝0 = {{𝖿 (𝑦0,… , 𝑦𝑛) ∼ 𝖿 (𝑥0, 𝖼1(𝑥0, 𝑥0), _,… , _)},

{𝖿 (𝑦0,… , 𝑦𝑛) ∼ 𝖿 (_, 𝑥1, 𝖼2(𝑥1, 𝑥1), _,… , _)},

⋮

{𝖿 (𝑦0,… , 𝑦𝑛) ∼ 𝖿 (_,… , _, 𝑥𝑛−1, 𝖼𝑛(𝑥𝑛−1, 𝑥𝑛−1))}}.

5.1.  Phase one: From pattern problems to simplified pattern problems

First of all, we will switch to simplified pattern problems. These simplified problems correspond to pattern problems where in all 
matching atoms 𝑡 ∼ 𝓁 the pattern 𝓁 is a variable. Since variables always match, we can basically ignore the concrete variable names, 
and just collect the matchees of each variable in a separate equivalence class.

For instance, the matching problem {𝑡1 ∼ 𝑥, 𝑡2 ∼ 𝑦, 𝑡3 ∼ 𝑥, 𝑡4 ∼ 𝑥, 𝑡5 ∼ 𝑦} can equivalently be represented as {{𝑡1, 𝑡3, 𝑡4}, {𝑡2, 𝑡5}} where 
all patterns have been dropped.
Definition 28  (Simplified Form and Simplified Pattern Problem). 
 A matching problem 𝑚𝑝 is in simplified form iff 𝑚𝑝 ⊆  ( ,) ×  . A pattern problem is in simplified form iff all its matching problems 
are in simplified form.

A simplified matching problem is a finite set 𝑚𝑝 of equivalence classes, and each equivalence class 𝑒 is a non-empty finite set of 
matchee terms of the same sort. A simplified pattern problem is a finite set of simplified matching problems. A simplified matching 
problem 𝑚𝑝 is complete w.r.t. a constructor ground substitution 𝜎 ∶  →  () if 𝑡𝑖𝜎 = 𝑡𝑗𝜎 for all 𝑒 ∈ 𝑚𝑝 and all 𝑡𝑖, 𝑡𝑗 ∈ 𝑒. A simplified 
pattern problem 𝑝𝑝 is complete if for each 𝜎 ∶  →  () there is some 𝑚𝑝 ∈ 𝑝𝑝 such that 𝑚𝑝 is complete w.r.t. 𝜎. The variables of a 
simplified pattern problem are defined as 𝖵𝖺𝗋(𝑝𝑝) = ⋃

𝑡∈𝑒∈𝑚𝑝∈𝑝𝑝 𝖵𝖺𝗋(𝑡). 
Definition 29  (Transformation to Simplified Pattern Problems). 
Given a matching problem 𝑚𝑝 in simplified form 

{𝑡11 ∼ 𝑥1,… 𝑡1𝑛1 ∼ 𝑥1,… , 𝑡𝑘1 ∼ 𝑥𝑘,… 𝑡𝑘𝑛𝑘 ∼ 𝑥𝑘}

where 𝑥1, …, 𝑥𝑘 are distinct variables, we define its corresponding simplified matching problem as 
{{𝑡11,… , 𝑡1𝑛1},…{𝑡𝑘1,… , 𝑡𝑘𝑛𝑘}}.

The simplified pattern problem corresponding to a pattern problem in simplified form is obtained by applying the above transforma-
tion on each matching problem. 
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It is easy to see that the switch to simplified pattern problems does not alter pattern completeness.
Lemma 30. If 𝑝𝑝 is in simplified form, then completeness of 𝑝𝑝 is equivalent to completeness of its corresponding simplified pattern problem. 

Note that we already have a polynomial time algorithm to start from arbitrary pattern problems and arrive at simplified pattern 
problems.

Lemma 31  (Phase One: From Pattern Problems to Simplified Pattern Problems).  Consider ⇒𝑛𝑑 for the linear case, i.e., Definition 6.
• If 𝑝𝑝 ⇒!

𝑛𝑑 𝑝𝑝
′, then 𝑝𝑝′ = ⊤𝑝𝑝 or 𝑝𝑝′ is in simplified form.

• Pattern problem 𝑝𝑝 is complete iff the simplified pattern problem of 𝑝𝑝′ is complete for every 𝑝𝑝′ with 𝑝𝑝⇒!
𝑛𝑑 𝑝𝑝

′.

Example 32. In this phase, 𝑝𝑝0 of Example 27 is transformed as follows:
𝑝𝑝0 ⇒

∗
𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝑦1 ∼ 𝖼1(𝑥0, 𝑥0)},

{𝑦1 ∼ 𝑥1, 𝑦2 ∼ 𝖼2(𝑥1, 𝑥1)},

{𝑦2 ∼ 𝑥2, 𝑦3 ∼ 𝖼3(𝑥2, 𝑥2)},…}

⇒𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝖼1(𝑧1, 𝑧2) ∼ 𝖼1(𝑥0, 𝑥0)},

{𝖼1(𝑧1, 𝑧2) ∼ 𝑥1, 𝑦2 ∼ 𝖼2(𝑥1, 𝑥1)},

{𝑦2 ∼ 𝑥2, 𝑦3 ∼ 𝖼3(𝑥2, 𝑥2)},…}

⇒𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝑧1 ∼ 𝑥0, 𝑧2 ∼ 𝑥0},

{𝖼1(𝑧1, 𝑧2) ∼ 𝑥1, 𝑦2 ∼ 𝖼2(𝑥1, 𝑥1)},

{𝑦2 ∼ 𝑥2, 𝑦3 ∼ 𝖼3(𝑥2, 𝑥2)},…}

⇒𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝑧1 ∼ 𝑥0, 𝑧2 ∼ 𝑥0},

{𝖼1(𝑧1, 𝑧2) ∼ 𝑥1, 𝖼2(𝑧3, 𝑧4) ∼ 𝖼2(𝑥1, 𝑥1)},

{𝖼2(𝑧3, 𝑧4) ∼ 𝑥2, 𝑦3 ∼ 𝖼3(𝑥2, 𝑥2)},…}

⇒𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝑧1 ∼ 𝑥0, 𝑧2 ∼ 𝑥0},

{𝖼1(𝑧1, 𝑧2) ∼ 𝑥1, 𝑧3 ∼ 𝑥1, 𝑧4 ∼ 𝑥1},

{𝖼2(𝑧3, 𝑧4) ∼ 𝑥2, 𝑦3 ∼ 𝖼3(𝑥2, 𝑥2)},…}

⇒∗
𝑛𝑑 {{𝑦0 ∼ 𝑥0, 𝑧1 ∼ 𝑥0, 𝑧2 ∼ 𝑥0},

{𝖼1(𝑧1, 𝑧2) ∼ 𝑥1, 𝑧3 ∼ 𝑥1, 𝑧4 ∼ 𝑥1},

{𝖼2(𝑧3, 𝑧4) ∼ 𝑥2, 𝑧5 ∼ 𝑥2, 𝑧6 ∼ 𝑥2},…}

and this final pattern problem in simplified form is compressed into the simplified pattern problem

𝑝𝑝1 ∶= {{{𝑦0, 𝑧1, 𝑧2}}, {{𝖼1(𝑧1, 𝑧2), 𝑧3, 𝑧4}}, {{𝖼2(𝑧3, 𝑧4), 𝑧5, 𝑧6}},…}

From now on we just process simplified pattern problems, and therefore often drop the explicit mentioning of the attribute 
“simplified”.

5.2.  Phase two: From simplified pattern problems to finite constructor form

The second phase aims at eliminating all occurrences of infinite sorts and also all occurrences of terms that are not constructor 
terms. This is made formally in the upcoming definition.
Definition 33  (Finite Constructor Form).  A matching problem 𝑚𝑝 is in finite constructor form if for all 𝑡 ∈ 𝑒 ∈ 𝑚𝑝, 𝑡 ∈  (,), and all 
variables of 𝑡 are of a finite sort. A pattern problem 𝑝𝑝 is in finite constructor form if all matching problems 𝑚𝑝 ∈ 𝑝𝑝 are. 

We use the following transformation rules to convert arbitrary pattern problems into finite constructor form. To this end, we first 
extend the notion of infinite variable difference to simplified matching problems: 𝑚𝑝 has such a difference iff there is some 𝑒 ∈ 𝑚𝑝
and there are 𝑡 and 𝑡′ where {𝑡, 𝑡′} ⊆ 𝑒 and 𝑡 and 𝑡′ have an infinite variable difference.
Definition 34  (Transformation to Finite Constructor Form). We define 𝑠→ as relation from simplified matching problems to extended 
simplified matching problems, i.e., where in the latter problems ⊥𝑚𝑝 is added. It consists of the following rules.

{{𝑓 (𝑡11,… , 𝑡1𝑛),… , 𝑓 (𝑡𝑘1,… , 𝑡𝑘𝑛)}, 𝑒1,… , 𝑒𝑚}
𝑠
→ {{𝑡11,… , 𝑡𝑘1},… , {𝑡1𝑛,… , 𝑡𝑘𝑛}, 𝑒1,… , 𝑒𝑚} if 𝑘 > 1 (decompose’)

{{𝑡, 𝑡′,…},…}
𝑠
→ ⊥𝑚𝑝 if 𝑡 and 𝑡′ clash (clash”)

{{𝑡}, 𝑒1,… , 𝑒𝑚}
𝑠
→ {𝑒1,… , 𝑒𝑚} (unique)

{{𝑥, 𝑡,…},…}
𝑠
→ ⊥𝑚𝑝 if 𝑥 ∈  and 𝑡 ∉  (,) (no-constructor)
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We further define 𝑠⇒ to work on simplified pattern problems where—similarly to ⇒—a set of pattern problems is returned.

{𝑚𝑝} ⊎ 𝑝𝑝
𝑠
⇒ {{𝑚𝑝′} ∪ 𝑝𝑝} if 𝑚𝑝

𝑠
→ 𝑚𝑝′ ≠ ⊥𝑚𝑝 (simp-mp’)

{𝑚𝑝} ⊎ 𝑝𝑝
𝑠
⇒ {𝑝𝑝} if 𝑚𝑝

𝑠
→ ⊥𝑚𝑝 (remove-mp’)

{⊤𝑚𝑝} ⊎ 𝑝𝑝
𝑠
⇒ ⊤𝑃 (success’)

𝑝𝑝 ⊎ 𝑝𝑝′
𝑠
⇒ {𝑝𝑝′} if 𝑝𝑝 ≠ ∅, each 𝑚𝑝 ∈ 𝑝𝑝 has an infinite variable difference

and all variables in 𝑝𝑝′ are of finite sort (inf-diff’)

Finally, we define 𝑠⇒𝑛𝑑 which makes non-deterministic choices: 𝑝𝑝
𝑠
⇒𝑛𝑑 𝑝𝑝′ iff 𝑝𝑝

𝑠
⇒ 𝑃  and 𝑝𝑝′ ∈ 𝑃 , and 𝑝𝑝 𝑠

⇒𝑛𝑑 ⊤𝑝𝑝 iff 𝑝𝑝
𝑠
⇒ ⊤𝑃 . 

Regarding the new rule (inf-diff’), we see that this is mainly a generalization of the (inf-diff) rule: (inf-diff) is obtained from 
(inf-diff’) if once chooses 𝑝𝑝′ = ∅.

The polynomial complexity of the algorithm is easy to see. Since each 𝑠⇒𝑛𝑑 -step removes at least one symbol, termination and a 
polynomial upper bound on the number of possible 𝑠⇒𝑛𝑑 -steps are obvious.

Therefore, we here emphasize the other two key properties of 𝑠⇒𝑛𝑑 : the soundness and the shape of normal forms.
Lemma 35  (Phase Two: Switching to Finite Constructor Form). 

• If 𝑝𝑝 𝑠
⇒

!

𝑛𝑑 𝑝𝑝
′, then 𝑝𝑝′ = ⊤𝑝𝑝 or 𝑝𝑝′ is in finite constructor form.

• If 𝑝𝑝 𝑠
⇒ 𝑃 , then 𝑝𝑝 is complete iff every 𝑝𝑝′ ∈ 𝑃  is complete.

• 𝑝𝑝 is complete iff every 𝑝𝑝′ with 𝑝𝑝 𝑠
⇒

!

𝑛𝑑 𝑝𝑝
′ is complete.

Proof.  We first show that any normal form 𝑝𝑝 of 𝑠⇒𝑛𝑑 must be in finite constructor form, so assume that 𝑝𝑝 is in normal form.
First consider some arbitrary 𝑚𝑝 ∈ 𝑝𝑝. Since (unique) is not applicable, each 𝑒 ∈ 𝑚𝑝 must have at least two elements. Further, since 

(clash”) and (decompose’) are not applicable, there must be at least one variable in 𝑒. Consequently, all terms in 𝑒 must be constructor 
terms, since otherwise (no-constructor) would be applicable. Hence, all equivalence classes in 𝑝𝑝 just contain constructor terms and 
at least one variable.

In order to show that all variables in 𝑝𝑝 are of finite sort, assume to the contrary that this would not be the case. Then we can 
split 𝑝𝑝 into 𝑝𝑝𝑓 ⊎ 𝑝𝑝¬𝑓  where 𝑝𝑝𝑓  are those matching problems of 𝑝𝑝 that only contain variables of finite sort. We now show that 
𝑝𝑝 = 𝑝𝑝¬𝑓 ∪ 𝑝𝑝𝑓

𝑠
⇒ {𝑝𝑝𝑓 } via (inf-diff’) which is a contradiction to 𝑝𝑝 being in normal form. In order to validate this step, we focus 

on proving that each 𝑚𝑝 ∈ 𝑝𝑝¬𝑓  has an infinite variable difference. This can be seen as follows. Since 𝑚𝑝 ∈ 𝑝𝑝¬𝑓  there must be some 
𝑡 ∈ 𝑒 ∈ 𝑚𝑝 and 𝑥 ∈ 𝖵𝖺𝗋(𝑡) such that 𝑥 has an infinite sort. From the considerations above, we further know that 𝑡 is a constructor term, 
and hence also 𝑡 itself has an infinite sort, as it has 𝑥 as subterm. Hence, all terms in 𝑒 are of infinite sort. As argued above, each 𝑒
consists of at least two terms and contains at least one variable, so we know {𝑦, 𝑡′} ⊆ 𝑒 for some variable 𝑦 and term 𝑡 such that 𝑦 ≠ 𝑡′

and both 𝑦 and 𝑡′ are of infinite sort. Hence, 𝑦 and 𝑡′ differ in variable 𝑦 and we have shown the existence of an infinite variable 
difference.

Next we consider the statement that 𝑠⇒ preserves pattern completeness. This is obvious for several of the rules, and we will just 
consider two rules in detail.

For the (no-constructor) rule we want to mention that it is crucial to have a variable contained in the equivalence class. For 
instance, {{𝑓 (𝑥), 𝑓 (𝑦)}} might be complete for some 𝜎 ∶  →  (), even if 𝑓 ∉ . However, if 𝑥 is a variable and 𝑡 ∉  (,), then 
𝑥𝜎 ≠ 𝑡𝜎 since 𝑥𝜎 ∈  () whereas 𝑡𝜎 ∉  (), so any matching problem containing {𝑥, 𝑡,…} as equivalence class cannot be complete 
for any 𝜎 ∶  →  ().

Although the (inf-diff’) rule is a generalization of the (inf-diff) rule, the proof of (inf-diff) reveals, that exactly the same construction 
also works out to prove soundness of (inf-diff’). The reason is that the major reasoning step in (inf-diff) is done by showing that 𝜎
can always be adjusted on the variables of infinite sort so that all infinite variable differences can be converted into clashes within 
𝑝𝑝. And since this adjustment has no effect on 𝑝𝑝′ if all variables in 𝑝𝑝′ are of finite sort, one can just remove 𝑝𝑝. ∎

The following example shows that the generalization of (inf-diff) to (inf-diff’) is necessary to obtain the desired shape of normal 
forms.

Example 36. Consider 𝑥1, 𝑥2 having finite sort, 𝑦1, 𝑦2 having infinite sort, and 𝖿 ∈ . The following pattern problem would be a 
normal form if one would require 𝑝𝑝′ = ∅ in (inf-diff’), but it is not in finite constructor form. 

{{{𝑥1, 𝑥2}}, {{𝖿 (𝑦1), 𝑦2}}}

However, the problem is simplified to {{{𝑥1, 𝑥2}}}, a problem that is in finite constructor form, and the simplification is performed 
via (inf-diff’) in its general form. 

Concerning the running example, we see that 𝑝𝑝1 in Example 32 is already in finite constructor form, so no steps are performed 
here.
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5.3.  Phase three: From finite constructor form to finite variable form

The third phase will get rid of all the constructors in a matching problem, so that afterwards just variables remain. For instance, 
as input one might have pattern problems that include equivalence classes of the form {𝑐(𝑥, 𝑦), 𝑧, 𝑐(𝑏, 𝑥)} for constructors 𝑏, 𝑐 and 
variables 𝑥, 𝑦, 𝑧 of finite sorts, and the aim is to obtain pattern problems where all terms in an equivalence class are variables. The 
latter kind of problems are named finite variable forms.
Definition 37  (Finite Variable Form).  A matching problem 𝑚𝑝 is in finite variable form if each 𝑒 ∈ 𝑚𝑝 contains only variables of the 
same finite sort. A pattern problem 𝑝𝑝 is in finite variable form if all matching problems 𝑚𝑝 ∈ 𝑝𝑝 are. 

In this phase we will add again the equivalent of the (instantiate’) rule for simplified pattern problems. However, we will strongly 
limit its applicability, so that we can control the growth in the number of function symbols. To be able to perform this limitations we 
add a new non-deterministic (split) rule, that will guess where the incompleteness of some matching problem will materialize.
Definition 38  (Transformation to Finite Variable Form).  We extend the inference rules of Definition 34 by the following ones.

{{{𝑡, 𝑡′} ⊎ 𝑒} ⊎ 𝑚𝑝} ⊎ 𝑝𝑝
𝑠
⇒ {{{{𝑡, 𝑡′}}} ∪ 𝑝𝑝, {{{𝑡′} ∪ 𝑒} ∪ 𝑚𝑝} ∪ 𝑝𝑝} if exactly one of 𝑡 and 𝑡′ is a variable, and 𝑒 ≠ ∅ or 𝑚𝑝 ≠ ∅

(split)

𝑝𝑝
𝑠
⇒ 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) if {{𝑥, 𝑡}} ∈ 𝑝𝑝, 𝑥 has a finite sort, and 𝑡 is not a variable

(instantiate”)

Here, for a simplified pattern problem 𝑝𝑝 and a variable 𝑥 ∶ 𝜄0 ∈  , the pattern problem set 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) consists of a pattern problem 
𝑝𝑝𝜎𝑥,𝑐 for each 𝑐 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈ , where 𝑝𝑝𝜎𝑥,𝑐 is obtained from 𝑝𝑝 by applying 𝜎𝑥,𝑐 = [𝑥 ↦ 𝑐(𝑥1,… , 𝑥𝑛)] on each term within 𝑝𝑝, 
for distinct fresh variables 𝑥1 ∶ 𝜄1,… , 𝑥𝑛 ∶ 𝜄𝑛 ∈  . 

Let us briefly explain both new rules. Rule (instantiate”) is indeed a restricted version of (instantiate’) in the way that instantiations 
are only allowed, if the conflicting variable occurs at the root, the conflicting term is not a variable itself, and moreover, there are no 
other terms in the matching problem that get instantiated. The latter two facts will be crucial to obtain non-deterministic polynomial 
complexity.

Since the restricted (instantiate”) rule on its own is often not applicable, one has to use the (split) rule in a preprocessing step: 
whenever one has some matching problem {{𝑥, 𝑡} ∪ 𝑒} ∪ 𝑚𝑝 that would permit an application of (instantiate’), then one has to non-
deterministically choose via (split) whether one wants to try to show that the equivalence of 𝑥 and 𝑡 can be violated by separating 
the matching problem {{𝑥, 𝑡}} that can then be instantiated by (instantiate”), or one can forget about the equivalence of 𝑥 and 𝑡 and 
search for incompleteness in the remaining problem, where either 𝑥 or 𝑡 is removed from the equivalence class.
Theorem 39  (Phase Three: Switching to Finite Variable Form). 

• If 𝑝𝑝 𝑠
⇒

!

𝑛𝑑 𝑝𝑝
′, then 𝑝𝑝′ = ⊤𝑝𝑝 or 𝑝𝑝′ is in finite variable form.

• If 𝑝𝑝 𝑠
⇒ 𝑃 , then 𝑝𝑝 is complete iff every 𝑝𝑝′ ∈ 𝑃  is complete.

• 𝑝𝑝 is complete iff every 𝑝𝑝′ with 𝑝𝑝 𝑠
⇒

!

𝑛𝑑 𝑝𝑝
′ is complete.

• The number of 𝑠⇒𝑛𝑑 -steps is polynomially bounded, and hence 
𝑠
⇒𝑛𝑑 is terminating.

Proof.  Let us first consider the possible normal forms, so assume that 𝑝𝑝 is in normal form, but not in finite variable form, and we will 
derive a contradiction. By Lemma 35 we know that 𝑝𝑝 is in finite constructor form and 𝑝𝑝 must contain at least one term 𝑡 that is not 
a variable. So, there is a chain 𝑡 ∈ 𝑒 ∈ 𝑚𝑝 ∈ 𝑝𝑝. From the proof of Lemma 35 we further know that 𝑒 contains at least one variable 𝑥. 
Hence {𝑥, 𝑡} ⊆ 𝑒. If 𝑚𝑝 = {{𝑥, 𝑡}} then (instantiate”) is applicable. Otherwise, (split) is applicable. In both cases, we get a contradiction 
to 𝑝𝑝 being in normal form.

That the extended version of 𝑠⇒ still preserves completeness is straightforward: (instantiate”) is an instance of (instantiate’); and 
for (split) one can argue as follows for any 𝜎 ∶  →  () and 𝑒 = {𝑡1,… , 𝑡𝑛}.

{{𝑡, 𝑡′} ⊎ 𝑒} ⊎ 𝑚𝑝 is complete for 𝜎
iff 𝑡𝜎 = 𝑡′𝜎 = 𝑡1𝜎 = ⋯ = 𝑡𝑛𝜎 and 𝑚𝑝 is complete for𝜎
iff 𝑡𝜎 = 𝑡′𝜎 and (𝑡′𝜎 = 𝑡1𝜎 = ⋯ = 𝑡𝑛𝜎 and 𝑚𝑝 is complete for 𝜎)
iff {{𝑡, 𝑡′}} is complete for 𝜎 and {{𝑡′} ∪ 𝑒} ∪ 𝑚𝑝 is complete for 𝜎

The real challenge is proving the polynomial complexity bound. To this end, we use a similar measure as in Definitions 10 and 12. 
To be more precise, we adjust tsyms(𝑝𝑝) for simplified pattern problems in the obvious way, i.e., tsyms(𝑝𝑝) =

⋃

𝑡∈𝑒∈𝑚𝑝∈𝑝𝑝 syms(𝑡), 
and in this way also obtain |𝑝𝑝|tsize and |𝑝𝑝|dup for simplified pattern problems. The key point is now to switch from |⋅|fv-size to 
|⋅|fv-depth where the latter measure is based on the maximum term depth instead of the maximum term size for terms of finite sort: the 
term depth is bounded by ||, whereas the term size can be exponential. More formally: For a finite sort 𝜄, we define |𝜄|max-depth as 
max{𝖽𝖾𝗉𝗍𝗁(𝑡) ∣ 𝑡 ∶ 𝜄 ∈  ()} and we define:

|𝑝𝑝|fv-depth =
∑

𝑚𝑝∈𝑝𝑝
max{|𝜄|max-depth ∣ 𝑥 ∈ 𝖵𝖺𝗋(𝑡) of a finite sort 𝜄, 𝑡 ∈ 𝑒 ∈ 𝑚𝑝}
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The overall measure for simplified pattern problems is defined as
|𝑝𝑝|spat ∶= |𝑝𝑝|fv-depth ⋅ (|𝑝𝑝|dup ⋅𝗆 + 1) + |𝑝𝑝|tsize

where again, 𝗆 is the maximum arity of the symbols in . One can show that this polynomially bounded measure is strictly decreasing 
with each 𝑠

⇒𝑛𝑑 -step, in the same way as we proved such a statement for ⇒𝑛𝑑 , provided that |𝑝𝑝|fv-depth > |

|

𝑝𝑝′|
|fv-depth holds for 

𝑝𝑝
𝑠
⇒𝑛𝑑 𝑝𝑝′ by (instantiate”).
Hence, it only remains to show that an application of the (instantiate”)-rule indeed strictly decreases |⋅|fv-depth. To this end, it is 

easy to see that an instantiation of a finite variable 𝑥 will never increase the maximum term depth of the sorts of the variables, so 
a weak decrease is easy to obtain when switching from 𝑚𝑝 to 𝑚𝑝𝜎𝑥,𝑐 . Moreover, in the matching problem {{𝑥, 𝑡}} that triggered the 
(instantiate”)-rule, we see that the sort of each variable in 𝑥𝜎𝑥,𝑐 and 𝑡𝜎𝑥,𝑐 has a strictly smaller depth measure than the sort of 𝑥 and 
𝑡 itself. In total, this leads to a strict decrease: |𝑝𝑝|fv-depth > |

|

𝑝𝑝𝜎𝑥,𝑐 ||fv-depth. ∎
The next theorem provides a combined complexity result on the first three phases. It shows an upper bound on the number of 

steps, including a size bound on intermediate problems.
Theorem 40  (Complexity to Reach Finite Variable Form). Let 𝑝𝑝 and 𝑝𝑝1 be pattern problems, and 𝑝𝑝′1 and 𝑝𝑝2 be simplified pattern 
problems. We further assume

• 𝑝𝑝 ⇒𝑛1
𝑛𝑑 𝑝𝑝1 and 𝑝𝑝1 is in normal form w.r.t. ⇒𝑛𝑑 ,

• 𝑝𝑝′1 is the translation of 𝑝𝑝1 into simplified form, and
• 𝑝𝑝′1

𝑠
⇒
𝑛2
𝑛𝑑 𝑝𝑝2.

Then

𝑛1 + 𝑛2 + |

|

𝑝𝑝2||tsize ≤ (|| ⋅ |𝑝𝑝| + |𝑝𝑝|size) ⋅ (|𝑝𝑝|size ⋅𝗆 + 2)

and

|𝑝𝑝2| ≤ |𝑝𝑝|

where as before, 𝗆 is the maximum arity of constructors in . 

Proof.  The second inequality is easy to obtain, since whenever 𝑝𝑝𝑎 ⇒𝑛𝑑 𝑝𝑝𝑏 or 𝑝𝑝𝑎
𝑠
⇒𝑛𝑑 𝑝𝑝𝑏 then |𝑝𝑝𝑏| ≤ |𝑝𝑝𝑎|.

For proving the first inequality we choose 𝛼 = || ⋅ |𝑝𝑝| and derive
𝑛1 + 𝑛2 + |

|

𝑝𝑝2||tsize
≤ 𝑛1 + 𝑛2 + |

|

𝑝𝑝2||spat

≤ 𝑛1 +
|

|

|

𝑝𝑝′1
|

|

|spat

= 𝑛1 +
|

|

|

𝑝𝑝′1
|

|

|fv-depth
⋅ (||
|

𝑝𝑝′1
|

|

|dup
⋅𝗆 + 1) + |

|

|

𝑝𝑝′1
|

|

|tsize

≤ 𝑛1 + (|| ⋅ |𝑝𝑝′1|) ⋅ (
|

|

|

𝑝𝑝′1
|

|

|dup
⋅𝗆 + 1) + |

|

|

𝑝𝑝′1
|

|

|tsize

= 𝑛1 + (|| ⋅ |𝑝𝑝1|) ⋅ (||𝑝𝑝1||dup ⋅𝗆 + 1) + |

|

𝑝𝑝1||tsize
≤ 𝑛1 + 𝛼 ⋅ (||𝑝𝑝1||dup ⋅𝗆 + 1) + |

|

𝑝𝑝1||tsize
≤ 𝑛1 + (𝛼 + |

|

𝑝𝑝1||diff) ⋅ (||𝑝𝑝1||dup ⋅𝗆 + 1) + |

|

𝑝𝑝1||tsize
= 𝑛1 + |

|

𝑝𝑝1||𝛼,pat
≤ |𝑝𝑝|𝛼,pat
≤ (𝛼 + |𝑝𝑝|size) ⋅ (|𝑝𝑝|size ⋅𝗆 + 2)

by using Lemma 13, Theorem 15, the approximation ||
|

𝑝𝑝′1
|

|

|fv-depth
≤ || ⋅ |𝑝𝑝′1|, and the fact that every 

𝑠
⇒𝑛𝑑 step results in a decrease 

w.r.t. |⋅|spat. ∎
Note that without the splitting and the restriction on the (instantiate”) rule we would not obtain a polynomial time algorithm: 

For a relaxed version where instantiation is allowed as soon as some equivalence class contains two terms 𝑥 and 𝑡 where 𝑡 is not a 
variable, one obtains an exponential time and exponential space algorithm, as illustrated by Example 41.
Example 41. If we continue to process Example 32 with the relaxed rule to obtain a finite variable form, we see an exponential run 
with exponentially large terms. We underline those parts where the changes take place.

𝑝𝑝1 = {{{𝑦0, 𝑧1, 𝑧2}},

{{𝖼1(𝑧1, 𝑧2), 𝑧3, 𝑧4}},
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{{𝖼2(𝑧3, 𝑧4), 𝑧5, 𝑧6}},

{{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}},

{{𝖼1(𝑧1, 𝑧2), 𝖼1(𝑢1, 𝑢2), 𝑧4}},

{{𝖼2(𝖼1(𝑢1, 𝑢2), 𝑧4), 𝑧5, 𝑧6}},

{{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}},

{{𝖼1(𝑧1, 𝑧2), 𝖼1(𝑢1, 𝑢2), 𝖼1(𝑢3, 𝑢4)}},

{{𝖼2(𝖼1(𝑢1, 𝑢2), 𝖼1(𝑢3, 𝑢4)), 𝑧5, 𝑧6}},

{{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}},

{{𝑧1, 𝑢1, 𝑢3}, {𝑧2, 𝑢2, 𝑢4}},

{{𝖼2(𝖼1(𝑢1, 𝑢2), 𝖼1(𝑢3, 𝑢4)), 𝑧5, 𝑧6}},

{{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒

∗

𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}},

{{𝑧1, 𝑢1, 𝑢3}, {𝑧2, 𝑢2, 𝑢4}},

{{𝑢1, 𝑢5, 𝑢9}, {𝑢2, 𝑢6, 𝑢10}, {𝑢3, 𝑢7, 𝑢11}, {𝑢4, 𝑢8, 𝑢12}},

{{𝖼3(𝖼2(𝖼1(𝑢5, 𝑢6), 𝖼1(𝑢7, 𝑢8)), 𝖼2(𝖼1(𝑢9, 𝑢10), 𝖼1(𝑢11, 𝑢12))), 𝑧7, 𝑧8}},…}

In contrast, there is no such exponential behavior with the strong restrictions on (instantiate”) and (split).

Example 42. We now continue to process Example 32 with the correct rules of the third phase to obtain 𝑝𝑝3, a problem in finite 
variable form. Note that we only explore one possible way in the non-deterministic algorithm, and do not provide all alternatives. In 
the example one can see, that where both arguments of some 𝑐𝑖 have been expanded in Example 41, here only one of the arguments 
of each 𝑐𝑖 can be expanded. So, the algorithm basically expands single paths in terms, not full terms.

𝑝𝑝1 = {{{𝑦0, 𝑧1, 𝑧2}}, {{𝖼1(𝑧1, 𝑧2), 𝑧3, 𝑧4}},

{{𝖼2(𝑧3, 𝑧4), 𝑧5, 𝑧6}}, {{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝖼1(𝑧1, 𝑧2), 𝑧4}},

{{𝖼2(𝑧3, 𝑧4), 𝑧5, 𝑧6}}, {{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝖼1(𝑧1, 𝑧2), 𝖼1(𝑢1, 𝑢2)}},

{{𝖼2(𝑧3, 𝖼1(𝑢1, 𝑢2)), 𝑧5, 𝑧6}}, {{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝖼2(𝑧3, 𝖼1(𝑢1, 𝑢2)), 𝑧5, 𝑧6}}, {{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝖼2(𝑧3, 𝖼1(𝑢1, 𝑢2)), 𝑧5}}, {{𝖼3(𝑧5, 𝑧6), 𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝖼2(𝑧3, 𝖼1(𝑢1, 𝑢2)), 𝑧5}}, {{𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝖼2(𝑧3, 𝖼1(𝑢1, 𝑢2)), 𝖼2(𝑢3, 𝑢4)}}, {{𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝑧3, 𝑢3}, {𝖼1(𝑢1, 𝑢2), 𝑢4}}, {{𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},

{{𝑧3, 𝑢3}, {𝑢4}}, {{𝑧7, 𝑧8}},…}
𝑠
⇒𝑛𝑑 {{{𝑦0, 𝑧1, 𝑧2}}, {{𝑧1, 𝑢1}, {𝑧2, 𝑢2}},
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{{𝑧3, 𝑢3}}, {{𝑧7, 𝑧8}},…} =∶ 𝑝𝑝3

5.4.  Phase four: Solving problems in finite variable form

It remains to deal with pattern problems 𝑝𝑝 in finite variable form, i.e., every 𝑒 ∈ 𝑚𝑝 ∈ 𝑝𝑝 consists of variables of the same finite 
sort. According to Definition 28 such a problem is pattern complete iff for every substitution 𝜎 ∶  →  () there exists 𝑚𝑝 ∈ 𝑝𝑝 such 
that {𝑥1,… , 𝑥𝑛} ∈ 𝑚𝑝 implies 𝑥1𝜎 = ⋯ = 𝑥𝑛𝜎. At this point it is easy to see that the term structure is of no relevance any further, 
i.e., we can switch from term substitution 𝜎 ∶  →  () to integer assignment 𝛼 ∶  → ℤ. The only gap here is that the number of 
different terms of sort 𝜄 is |𝜄| = |{𝑡 ∶ 𝜄 ∈  ()}|, so one must constrain the integer assignments to take this bound into account.

Definition 43  (Translation to SMT Formula). Let 𝑝𝑝 be some pattern problem in finite variable form such that 𝖵𝖺𝗋(𝑝𝑝) = {𝑦1 ∶
𝜄1,… , 𝑦𝑛 ∶ 𝜄𝑛}. We define the encoding 𝜓(𝑝𝑝) of 𝑝𝑝 as

𝜓(𝑝𝑝) ∶=

( 𝑛
⋀

𝑘=1
1 ≤ 𝑦𝑘 ≤ |𝜄𝑘|

)

⟶

(

⋁

𝑚𝑝∈𝑝𝑝

⋀

{𝑥1 ,…,𝑥𝑘}∈𝑚𝑝
𝑥1 = ⋯ = 𝑥𝑘

)

.

To finalize the decision procedure, we just need some algorithm to decide the validity of formula 𝜓(𝑝𝑝). Note that 𝜓(𝑝𝑝) can be 
expressed in well known logics such as integer difference logic, linear integer arithmetic, or bit-vector arithmetic. It is well known 
that deciding validity in each of these three logics is co-NP complete.

Lemma 44  (Phase Four: Deciding Completeness via SMT Solving).  Let 𝑝𝑝 be a pattern problem in finite variable form.

• Pattern problem 𝑝𝑝 is pattern complete iff 𝜓(𝑝𝑝) is valid in ℤ.
• Validity of 𝜓(𝑝𝑝) is in co-NP.

5.5.  Optimizations

At this point we can combine all phases in order to arrive at a decision procedure for pattern completeness. Our implementation 
does exactly this, but it makes use of two further inference rules that have not yet been mentioned.

One of these inference rules handles trivial sorts (like unit), which are inhabited by exactly one ground constructor term. All 
equivalence classes of trivial sorts in each matching problem can immediately be deleted as all terms after applying some constructor 
ground substitution will always be the unique constructor ground term of that sort. The other trivial case is when the cardinality of 𝜄
is large, since then one can always find constructor ground instances which behave like injective functions on the variables of sort 𝜄, 
and hence matching problems containing such sorts can be deleted.

Definition 45  (Optimization Rules Based on Cardinalities).  We add the following two rules for simplifying problems in finite 
constructor form.

{𝑒} ⊎ 𝑚𝑝
𝑠
→ 𝑚𝑝 if the terms in 𝑒 have sort 𝜄 and |𝜄| = 1 (card-1)

𝑝𝑝 ⊎ {{{𝑥1, 𝑡1} ⊎ 𝑒1} ⊎ 𝑚𝑝1,… , {{𝑥𝑛, 𝑡𝑛} ⊎ 𝑒𝑛} ⊎ 𝑚𝑝𝑛}
𝑠
⇒ {𝑝𝑝} if {𝑥1,… , 𝑥𝑛} are variables of sort 𝜄 that are disjoint from

𝖵𝖺𝗋(𝑝𝑝), |{𝑡1,… , 𝑡𝑛}| < |𝜄|, 𝑛 > 0, and 𝑥𝑖 ≠ 𝑡𝑖 for each 𝑖
(card-large)

Example 46. Consider again 𝑝𝑝1, the pattern problem that we obtained in Example 32 after running the first phase. If 𝜄0 has cardinality 
one, then so do all 𝜄𝑖 and (card-1) can trivially delete all equivalence problems and pattern completeness is concluded. On the other 
hand, if for instance 𝜄0 has two constructors, then the cardinalities grow exponentially, and one can apply (card-large) to delete most 
matching problems without the necessity to perform an expensive non-deterministic search in the third phase. 

As explained above, the soundness of (card-large) follows from the fact that one can modify each 𝜎 ∶  →  () on 𝑥1,… , 𝑥𝑛 into 
a substitution 𝜎′ ∶  →  () in a way that (i), 𝑥𝑖𝜎′ ≠ 𝑡𝑖𝜎′ for each 𝑖, and (ii), the modification has no impact on 𝑝𝑝, i.e., 𝑦𝜎 = 𝑦𝜎′ for 
each variable 𝑦 that occurs in 𝑝𝑝.

5.6.  Computing cardinalities

Interestingly, the algorithm that we designed so far does not have non-deterministic polynomial time or polynomial space com-
plexity: both time and space consumption can grow exponentially, with respect to the number of sorts. In particular this happens for 
Examples 26 and 27 in contrast to the discussion in Example 46. There, it was argued that all these TRSs should be easily solvable 
by the (card-1) and (card-large) rules, depending on the cardinality of 𝜄0.

The cause of this exponential behavior is neither an exponential number of rule applications, nor an exponential growth of 
intermediate pattern problems. The problem is caused by something that we completely ignored up to now, namely the size of the 
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numbers that occur during the computation, i.e., the cardinalities of the finite sorts. These cardinalities can easily be computed in a 
bottom-up way—starting with small sorts—using the following equation:

|𝜄| =
∑

𝑐∶𝜄1×…×𝜄𝑛→𝜄∈

𝑛
∏

𝑖=1
|𝜄𝑖|.

Note that for the signature in Examples 26 and 27 we obtain |𝜄𝑖+1| = |𝜄𝑖|2 for all 𝑖 < 𝑛. If we define 𝜄0 in a way that |𝜄0| = 2 then this 
results in |𝜄𝑛| = 22𝑛 , and hence the number |𝜄𝑛| has a binary representation of exponential size. Therefore, already the computation 
of |𝜄𝑛| will require exponential space: Hence a naive implementation of phase four without the (card-large) optimization exhibits an 
exponential complexity.

Our work-around to this problem is as follows. We first fix a sufficiently large number 𝑘: given some initial pattern problem 𝑝𝑝𝑖𝑛𝑖𝑡, 
the value of 𝑘 just needs to satisfy 𝑘 > |𝑝𝑝𝑖𝑛𝑖𝑡| and 𝑘 > 1, so we choose 𝑘 = max(2, |𝑝𝑝𝑖𝑛𝑖𝑡| + 1).

Then instead of using |𝜄| we compute min(𝑘, |𝜄|), a task that can be done in polynomial time via the following equation:

min(𝑘, |𝜄|) = min

(

𝑘,
∑

𝑐∶𝜄1×…×𝜄𝑛→𝜄∈

𝑛
∏

𝑖=1
min(𝑘, |𝜄𝑖|)

)

.

Also the pattern completeness algorithm can easily be adjusted to use these pruned cardinalities: the test |𝜄| = 1 from the (card-1) 
rule is equivalent to min(𝑘, |𝜄|) = 1, since 𝑘 > 1. Similarly, the test |{𝑡1,… , 𝑡𝑛}| < |𝜄| in the (card-large) rule is equivalently expressed 
as |{𝑡1,… , 𝑡𝑛}| < min(𝑘, |𝜄|) whenever 𝑘 > 𝑛. The latter condition is always satisfied since 𝑛 ≤ |𝑝𝑝𝑖𝑛𝑖𝑡| < 𝑘. The reason for inequality 
𝑛 ≤ |𝑝𝑝𝑖𝑛𝑖𝑡| is the second inequality of Theorem 40.

Finally, there is the step of encoding pattern problems 𝑝𝑝 in finite variable form into SMT formulas, where the exact cardinalities are 
required. At this point there cannot be any large sorts present anymore, since variables of all these sorts will have been eliminated by 
(card-large) before. To be more precise, for every sort 𝜄 that still is present in the final pattern problem, we obtain |𝜄| ≤ |𝑝𝑝| ≤ |𝑝𝑝𝑖𝑛𝑖𝑡| < 𝑘
by using the second inequality of Theorem 40 again, and hence |𝜄| = min(𝑘, |𝜄|). This equality shows that |𝜄| is a number that can be 
obtained from min(𝑘, |𝜄|), and it further proves that |𝜄| is polynomially bounded in the input size. Therefore the SMT formula in 
Definition 43 has polynomial size, and it can be computed in polynomial time, too.

Overall, with this final optimization, we arrive at concluding that general pattern completeness is co-NP.
Theorem 47. The algorithm of Section 5 decides pattern incompleteness in non-deterministic polynomial time. 
Recall that the theorem is stated using the global assumptions that terms and pattern problems respect the sorts, and that all sorts 
are inhabited.

6.  Formalization and implementation

In the formalization we first describe our development on sorted term rewriting (Section 6.1), which is essential to develop the 
formalization of the decision procedures of Sections 4 and 5 in Isabelle.

Afterwards we consider the formalization of the decision procedure in Section 4 in detail. Here, we utilize an architecture that 
uses three different layers of abstraction. We start with an abstract set based formalization (Section 6.2), then refine it to a version 
based on multisets (Section 6.3), and finally arrive at an executable version that uses lists to represent matching and pattern problems 
(Section 6.4).

The same architecture is also used for the decision procedure of Section 5, and therefore, we only briefly describe the formalization 
of this part (Section 6.5).

The overall formalization consists of 20,056 lines of Isabelle. It is available for Isabelle 2025-2 in two AFP entries, one on sorted 
terms [18], and one on pattern completeness [19].

6.1.  Sorted term rewriting

Here we present our formalization of sorted term rewriting. First, we reuse the datatype for terms from the AFP entry First-Order 
Terms [20].

datatype (’f,’v) term = Var ’v | Fun ’f ((’f,’v) term list)
This datatype collects all unsorted, variadic terms. Next we introduce a sorted set over the datatype (’f,’v) term. We characterize a 
sorted set as a partial map that assigns an element a sort. It is partial, in the sense that unsorted elements are not assigned a sort. 
Partial maps are readily supported in Isabelle/HOL as types of form ’a ⇀ ’s, which is a synonym of ’a → ’s option. We just introduce 
the notation “a : 𝜄 in A” to mean that a sorted set A :: ’a ⇀ ’s assigns its element a :: ’a a sort 𝜄 :: ’s.

definition ... where "a : 𝜄 in A ≡ A a = Some 𝜄"
Hereafter, we often omit Isabelle specifications for introducing notations by “...”.

We formalize sorted signatures also as partial maps:

type_synonym (’f,’s) ssig = "’f × ’s list ⇀ ’s"
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and introduce the following notation:
definition ... where "f : 𝜄s → 𝜄0 in F ≡ F (f,𝜄s) = Some 𝜄0"
Given a sorted signature F :: (’f,’s) ssig and a sorted set V :: ’v ⇀ ’s of variables, we define the sorted set  (F,V) :: (’f,’v) term ⇀ ’s

of terms so that
"Var v : 𝜄 in  (F,V) ⟺  v : 𝜄 in V"
"Fun f ts : 𝜄0 in  (F,V) ⟺  (∃𝜄s. f : 𝜄s → 𝜄0 in F ∧ ts :𝑙 𝜄s in  (F,V))"

Here, as :𝑙 𝜄s in A denotes that the lists as and 𝜄s have the same length and the 𝑖th element of as has the 𝑖th sort of 𝜄s. Given two 
signatures 𝐶 and 𝐷, the sorted set of basic terms is formalized as follows:

"Fun f ts : 𝜄0 in 𝐵(C,D,V) ⟺  (∃𝜄s. f : 𝜄s → 𝜄0 in D ∧ ts :𝑙 𝜄s in  (C,V)"
We also introduce the notation ∅ for Map.empty, the partial map such that ∅ a = None for any a. Then  (F,∅) denotes the sorted set 
of ground terms, where the type of variables is polymorphic. Often we are not interested in the type of variables of ground terms, so 
we write  (F) or 𝐵(C,D) to fix the type to unit.

A sorted map from a sorted set A to a sorted set B, written f :𝑠 A → B in Isabelle, is a map f such that a : 𝜄 in A ⟹  f a : 𝜄 in B. In 
particular, sorted maps of form 𝜎 :𝑠 X →  (F,V) are the sorted substitutions. The application of a substitution 𝜎 on a term t is already 
defined as t ⋅ 𝜎 in the library in the unsorted setting. We additionally provide facts such as

lemma subst_hastype: "𝜎 :𝑠 X →  (F,V) ⟹  t : 𝜄 in  (F,X) ⟹  t ⋅ 𝜎 : 𝜄 in  (F,V)"
The formalization of when a term matches another is straightforward:

definition ... where "l matches t = (∃ 𝜎. t = l ⋅ 𝜎)"
and now we are ready to define the pattern completeness.

definition ... where "pat_complete_lhss C D L = (∀t ∈ dom 𝐵(C,D). ∃l ∈ L. l matches t)"
Here, dom denotes the domain of partial maps, i.e., the set of elements that are assigned sorts.

6.2.  Formalization of the algorithm – set layer

The set-based formalization is the one that is the furthest away from an executable version. Interestingly, it also deviates quite a 
bit from the textual description of the algorithm. Still, it is useful for proving that completeness of pattern problems is not altered by 
⇛.

There are some deviations from the textual description that we like to mention.
First, we do not introduce the special problems ⊥𝑚𝑝 and ⊤𝑝𝑝, e.g., by using an option-type. Instead, we split each set of inference 

rules in two parts, e.g., the matching problem transformation relation → into relation →𝑠 that modifies an existing problem and into 
predicate mp_fail that leads to the special problem ⊥𝑚𝑝. In this way, the representation of matching and pattern problems stays simple, 
i.e., they are just (sets of) sets of pairs of terms.

Second, we change all ⊎-operators in the textual description into ∪-operators. This simplifies the reasoning for the refinements in 
the upcoming layers, but introduces nontermination. For instance, if 𝑃 = {⊤𝑝𝑝} then 𝑃 = {⊤𝑝𝑝} ∪ 𝑃 ⇛ 𝑃 . Giving up on termination at 
this layer, we also join (instantiate) and (instantiate’): the formalization contains only one rule for instantiation at this layer, and this 
rule has no side-condition; i.e., it is always possible to instantiate {𝑝𝑝} by 𝖨𝗇𝗌𝗍(𝑝𝑝, 𝑥) for any 𝑥.

Third, the formalization contains a notion of well-formedness for matching and pattern problems. In detail, the algorithm is 
formulated within a context that fixes a set 𝑆 of sorts. Well-formedness enforces that the variables that occur in the problems only 
use sorts in 𝑆. Many of the properties are only proven for well-formed problems, and it is additionally proven that well-formedness 
is preserved by the transformations. Well-formedness does not enforce that the sets in a problem are finite; this is another source of 
nontermination on this layer.

We provide some example Isabelle snippets that formalize the relations → and ⇒, illustrating the first two kinds of deviations. 
Here insert a A is Isabelle’s notation for {𝑎} ∪ 𝐴.

inductive ... where "mp →𝑠 mp"
| "length ts = length ls ⟹  insert (Fun f ts, Fun f ls) mp →𝑠 set (zip ts ls) ∪ mp"
| "x ∉ ⋃ (vars ‘ snd ‘ mp) ⟹  insert (t, Var x) mp →𝑠 mp"
inductive mp_fail :: "(’f,’v,’s)match_problem_set → bool"
where "(f,length ts) ≠ (g,length ls) ⟹  mp_fail (insert (Fun f ts, Fun g ls) mp)"

| (* further inference rule for clash’ *)

inductive ... where "mp →𝑠 mp’ ⟹  insert mp pp ⇒𝑠 {insert mp’ pp}"
| "mp_fail mp ⟹  insert mp pp ⇒𝑠 {pp}"
| "insert {} pp ⇒𝑠 {}"
| (* further inference rules for inf-diff and instantiate *)
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The relation ⇛ is formalized similarly.
The main result of this layer is that ⇛ preserves pattern completeness on well-formed pattern problem sets, in Isabelle, wf_pats.
theorem P_step_set_pcorrect: "P ⇛𝑠 P’ ⟹  wf_pats P ⟹  pats_complete C P ⟷ pats_complete C P’"

The most challenging rule was (inf-diff) as detailed in the previous section. On the other hand, the most tedious one was (instantiate), 
which looks rather obvious on paper, but required 140 lines in our formalization.

6.3.  Formalization of the algorithm – multiset layer

On the next layer we use finite multisets to represent the algorithm. This layer is the one that is closest to the textual description 
and we fully prove Theorem 24 for this representation. The design of the formalization is as follows.

Concerning the relationship between textual and formalized version of the algorithm, we keep the deviation of splitting the 
inference rules from the previous layer, so that there is no need for the special problems ⊥𝑚𝑝 and ⊤𝑝𝑝. Since a multiset union operation 
corresponds to a ⊎-operation on sets, there is no deviation at this point anymore. However, we require one further inference rule for 
matching problems whose necessity does not arise when working with sets. Since a multiset can have multiple occurrences of the 
same element, we need an explicit inference rule that is capable of deleting duplicates. To this end, we add the rule

{𝑡 ∼ 𝓁, 𝑡 ∼ 𝓁} ∪ 𝑚𝑝→ {𝑡 ∼ 𝓁} ∪ 𝑚𝑝 (duplicate)

on the multiset layer, which is then simulated by a new identity rule 𝑚𝑝→ 𝑚𝑝 on the set layer.
The reduction relation ⇛ on this layer is parameterized by a Boolean flag improved to choose the version presented in FSCD or the 

version introduced in Section 5. In either case, the partial correctness of ⇛ on this layer is obtained via that of ⇛ from the previous 
layer by proving a refinement property: The multiset-based implementation can be simulated by the set-based one.

The major new property that is added on this level is a formal proof of termination by closely following the textual proof. Moreover, 
the multiset layer also contains a formal definition of ⇒𝑛𝑑 that deviates from the textual one since in the formal version the transition 
to ⊤𝑝𝑝 is omitted.

We arrive at a formal version of Theorem 24 that looks quite similar to the textual one. Here, ⇒𝑛𝑑 in Isabelle refers to the multiset 
representation of ⇒𝑛𝑑 , SN is strong normalization, i.e., termination, pat_mset converts from the multiset representation of pattern 
problems into the set representation, and {#} is the empty multiset.

theorem SN_nd_pstep: "SN ⇒𝑛𝑑 "
theorem nd_pstep:
assumes "¬ improved"
and "wf_pat (pat_mset p)"

shows "¬ pat_complete (pat_mset p) ⟷ p ⇒∗
𝑛𝑑 {#}"

We further obtain the results for relation ⇛, i.e., they look more like Theorem 17, though the linearity conditions are missing, 
since we are considering the algorithm in Section 4. Here, ⇛ in Isabelle refers to the multiset representation of ⇛, and bottom_mset is 
representing ⊥𝑃  as the multiset {∅}.

theorem SN_P_step: "SN ⇛"
theorem P_step:
assumes "¬ improved"
and "wf_pats (pats_mset P)"
and "(P,Q) ∈ ⇛!"

shows "Q = {#} ∧ pats_complete (pats_mset P)
∨ Q = bottom_mset ∧ ¬ pats_complete (pats_mset P)"

The partial correctness of the improved version is formalized as follows. Here, we do not directly decide pattern completeness but 
obtain pattern problems which are in finite constructor form. To be more precise, ⇛ with the activated improved flag implements 
phase one and two of Section 5. Below ∈# is the multiset membership.

theorem P_step_improved:
fixes P :: "(’f,’v,’s) pats_problem_mset"
assumes "improved"
and "infinite (UNIV :: ’v set)"
and "wf_pats (pats_mset P)"
and "(P,Q) ∈ ⇛!"

shows "pats_complete C (pats_mset P) ⟷ pats_complete C (pats_mset Q)"
and "p ∈# Q ⟹  finite_constr_form_pat C (pat_mset p)"

6.4.  Formalization of the algorithm – list layer

In the final layer we provide an executable version of the algorithm, by refining the multiset-based version. To this end, we switch 
from multisets to lists; we turn the inductive inference rules into a recursive function definition; and we specify the order in which 
the inference rules will be applied. Our list-based implementation is split into several phases.
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In the first phase, we exhaustively apply rules (decompose), (duplicate), (clash) and (clash’). Moreover, we organize the represen-
tation of the matching problems as follows.

• We store a list of atoms of form 𝑥 ∼ 𝑓 (… ), i.e., those on which (instantiate) is applicable.
• We store another list of pairs ([𝑡1,… , 𝑡𝑛], 𝑥) such that the matching problem contains atoms 𝑡1 ∼ 𝑥,… , 𝑡𝑛 ∼ 𝑥, no combination 𝑡𝑖
and 𝑡𝑗 results in a clash, and the list [𝑡1,… , 𝑡𝑛] is distinct.

• We further store a Boolean flag whether the matching problem satisfies the condition of (instantiate’) or not.

In the second phase, we apply rule (match) exhaustively and try to apply (inf-diff). Both of these steps can efficiently be imple-
mented based on the previously described representation of matching problems.

Finally, if nothing else is applicable, then in the third phase we invoke (instantiate) or (instantiate’), with a preference on the 
former. In order to create fresh variables for the application of these rules, we assume that these variables are just numbers, and use 
a global index 𝑛 which is incremented whenever a fresh variable is required.

These three phases are then iterated in a recursive function until a normal form is reached. By induction on ⇛, it is shown that the 
list-based implementation refines the multiset version of ⇛. Hence, partial correctness is easily transferred from the previous layer.

There is some additional glue-code required to get the final algorithm.
• We need to compute a high-enough value for the initial variable index 𝑛.
• We need to check the prerequisite that was stated at the beginning of this paper, namely that indeed all sorts are inhabited: 

{𝑡 ∣ 𝑡 ∶ 𝜄 ∈  ()} ≠ ∅. To this end, we verify a standard marking algorithm that computes the set of inhabited sorts: initially no 
sort is marked as inhabited, and whenever 𝑐 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄0 ∈  is a constructor and all sorts 𝜄1,… , 𝜄𝑛 are marked, then also 𝜄0
is marked as inhabited. Finally, exactly the inhabited sorts are marked.

• We also require a function that computes the finite sorts and their cardinalities. The algorithm maintains for each sort 𝜄 a mark 
signifying finiteness and |𝜄| when 𝜄 is marked. Initially all sorts are considered potentially infinite and cardinalities are unknown. 
If there is a potentially infinite sort 𝜄 such that all constructors 𝑓 ∶ 𝜄1 ×⋯ × 𝜄𝑛 → 𝜄 ∈  of that sort have only finite input sorts 
𝜄1,… , 𝜄𝑛, then 𝜄 is marked as finite and the cardinality is updated to 

∑

𝑓∶𝜄1×⋯×𝜄𝑛→𝜄∈
|

|

𝜄1|| ×⋯ × |

|

𝜄𝑛||. When there is no such sort 
anymore, exactly the finite sorts are marked and their cardinalities are computed. Interestingly, the dual approach (marking of 
infinite sorts whenever a recursive constructor is detected) is not so straightforward, because sorts might be mutual recursive 
without direct recursion.

We finally provide a few wrapper functions that invoke the main decision procedure and get rid of its preconditions. For instance, 
for pattern completeness of programs (represented by their lhss) we obtain an algorithm decide_pat_complete_lhss_fscd. The suffix FSCD 
is used, since this algorithm was already formalized in our FSCD paper [1].

theorem decide_pat_complete_lhss_fscd:
assumes "decide_pat_complete_lhss_fscd C D lhss = return b"
shows "b = pat_complete_lhss (map_of C) (map_of D) (set lhss)"

The algorithm will report an error on invalid input, e.g., if not all sorts are inhabited, or if the list of constructors C or the list of 
defined symbols D contains contradictory sort information. If no such error is reported then the return value will be a Boolean b, and
b is the completeness property of the set of lhss.

The formalization also contains decide_pat_complete_linear_lhss, a verified version of the algorithm for linear pattern problems. 
Its formalization is only present in the list layer, where the linearity preservation is performed during the refinement proof. The 
advantage of this algorithm over decide_pat_complete_lhss_fscd is that it is slightly faster, since (match) is applied without any runtime 
checks on the condition ∀𝑠 ∼ 𝓁 ∈ 𝑚𝑝. 𝑥 ∉ 𝖵𝖺𝗋(𝓁).

6.5.  Formalization of the co-NP algorithm

As already mentioned, by activating the parameter improved, we already have a formally verified implementation of the first two 
phases of the algorithm that was presented in Section 5.

The list-based implementation in the improved case is designed in a way that it takes a solver for problems in finite constructor 
form, and whenever it encounters such a problem, it just invokes the solver and then continues to process the remaining problems. 
Under the assumption that the solver is sound, one again gets a decision procedure with the same soundness guarantees as before.

The formalization also includes a verified solver for problems in finite constructor form, namely by formalizing the results of 
phase three, following the same structure as before: simplified matching and pattern problems and the corresponding algorithms are 
formalized for sets, multisets and lists. Moreover, also for phase three, the list-based implementation requires as parameter some 
solver, namely some SMT solver that is able to validity the formulas that are generated in phase four.4

The formalization further includes the main complexity results for the multiset layer, namely Theorem 40, including the result that 
the cardinalities of the sorts in the final pattern problems before the translation to SMT are bounded from above by the cardinality 
of the input pattern problem.

4 In the sources, this solver is named “FIDL-solver”: finite integer difference logic.
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Fig. 1. Timing of our algorithm for each configuration 𝑐 ∈ {0,… , 15} on different sizes 𝑛 ∈ {1,… , 100} using a timeout of 60 s.

Finally, we provide a verified SMT solver for the fragment of formulas that have to be treated. Since this is a finite search problem, 
we implemented and verified a basic brute-force algorithm with some optimizations, and do not treat full integer difference logic 
where they may also be unbounded variables.

• We try to identify unit-clauses and then perform theory propagation. For example, if 𝑥 was set to 5 and we have a unit clause 
𝑥 ≠ 𝑦, then 5 is deleted from the set of possible values for 𝑦, and if there is only one value left, then also 𝑦 is directly assigned, etc.

• We do a limited form of symmetry breaking: Initially, for each sort one can set one variable to 1 without loss of generality.

Plugging the various solvers together, we arrive at the function decide_pat_complete_lhss. It has the same soundness properties as
decide_pat_complete_lhss_fscd, but implements the algorithm of Section 5.

7.  Experiments

In this section we will investigate the efficiency of our decision procedure by experiments. We first restrict to linear pattern 
problems, and afterwards consider non-linear problems.

7.1.  Linear pattern problems

In order to evaluate the efficiency of our decision procedure in Section 3 for linear pattern problems, we use the following set 
of left-linear TRSs. They are similar to test programs that are used to show exponential behavior of match compilers for functional 
programming languages [14, Example 6].

Example 48. We define TRS 𝑐,𝑛 for configurations 𝑐 ∈ {0,… , 15} and arbitrary sizes 𝑛. All TRSs use only one sort, namely the 
Booleans with constructors 𝖳 and 𝖥, and there is only one defined symbol 𝗀. The TRS 𝑐,𝑛 consists of 2𝑛 + 1 many rules and 𝗀 has 
arity 2𝑛. We do not provide a full formal definition of 𝑐,𝑛, but instead illustrate the lhss of 𝑐,𝑛 for 𝑐 ∈ {0, 1, 2, 4} and 𝑛 = 3, where 
each occurrence of _ represents a fresh variable.

𝑐 = 0 𝑐 = 1 𝑐 = 2 𝑐 = 4
𝗀(𝖥, _, 𝖥, _, 𝖥, _) 𝗀(𝖥, 𝖥, 𝖥, _, _, _) 𝗀(𝖥, _, 𝖥, _, 𝖥, _) 𝗀(𝖳,𝖳, _, _, _, _)
𝗀(𝖳,𝖳, _, _, _, _) 𝗀(𝖳, _, _,𝖳, _, _) 𝗀(𝖳,𝖳, _, _, _, _) 𝗀(𝖳, 𝖥, _, _, _, _)
𝗀(𝖳, 𝖥, _, _, _, _) 𝗀(𝖳, _, _, 𝖥, _, _) 𝗀(_, _,𝖳,𝖳, _, _) 𝗀(_, _,𝖳,𝖳, _, _)
𝗀(_, _,𝖳,𝖳, _, _) 𝗀(_,𝖳, _, _,𝖳, _) 𝗀(_, _, _, _,𝖳,𝖳) 𝗀(_, _,𝖳, 𝖥, _, _)
𝗀(_, _,𝖳, 𝖥, _, _) 𝗀(_,𝖳, _, _, 𝖥, _) 𝗀(𝖳, 𝖥, _, _, _, _) 𝗀(_, _, _, _,𝖳,𝖳)
𝗀(_, _, _, _,𝖳,𝖳) 𝗀(_, _,𝖳, _, _,𝖳) 𝗀(_, _,𝖳, 𝖥, _, _) 𝗀(_, _, _, _,𝖳, 𝖥)
𝗀(_, _, _, _,𝖳, 𝖥) 𝗀(_, _,𝖳, _, _, 𝖥) 𝗀(_, _, _, _,𝖳, 𝖥) 𝗀(𝖥, _, 𝖥, _, 𝖥, _)

The 16 configurations are obtained by combining 4 different kinds to arrange the arguments of 𝗀 with 4 different orders of the rules. 
For the argument orders of 𝗀 we choose the following four alternatives, visualized by reordering the arguments of the first lhs of 0,𝑛:

𝗀(𝖥, _, 𝖥, _,… , 𝖥, _) or 𝗀(_, 𝖥, _, 𝖥,… , _, 𝖥) or 𝗀(𝖥, 𝖥,… , 𝖥, _, _,… , _) or 𝗀(_, _,… , _, 𝖥, 𝖥,… , 𝖥).

Concerning the order of the rules, we either put the first rule of 0,𝑛 to the front position (𝑐 = 0) or to the last position (𝑐 = 4); and 
we either group the other 2𝑛 rules in 𝑛 blocks of size 2 (𝑐 = 0) or in 2 blocks of size 𝑛 (𝑐 = 2). 

Since for a given 𝑛 all configurations result in the same set of lhss (modulo symmetries), the question of pattern completeness 
should be equally hard for all configurations. However, since our implementation of the decision procedure has a fixed order in which 
rules are applied and in which variables are instantiated, there is quite a different behavior in the execution time, cf. Fig. 1.

Choosing 𝑐 ∈ {0,… , 7} results in a low execution time, where the corresponding blue line in Fig. 1 is not distinguishable from 
the x-axis: for instance, deciding pattern completeness of 𝑐,100 is finished within 0.06 s. However, for 𝑐 ∈ {8,… , 15} an exponential 
behavior becomes visible, where 𝑐 = {8, 9}, 𝑐 = {10, 11}, and 𝑐 = {12, 13, 14, 15} each have similar behavior.

We further compare our decision procedure with three other algorithms.
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Fig. 2. Left: Increase 𝑛 for each 𝑐 ∈ {0,… , 15} until 𝑛 = 100 or 60 s timeout is reached. Right: Number of solved 𝑐,𝑛 instances for (𝑐, 𝑛) ∈ {0,… , 15} ×
{1,… , 100} within time limit.

• GHC: we encode 𝑐,𝑛 as a Haskell program and use the ghc Haskell compiler and ask it to warn about incomplete patterns. To 
be more precise we invoke ghc with parameters -c -Wincomplete-patterns -fmax-pmcheck-models=1000000 where the latter 
number is chosen in such a way that no approximation is occurring.5

• CO: we run the complement algorithm on the TRSs, taking the implementation that is available in the ground confluence prover 
AGCP [4]. To be more precise, we execute the function Gcr.patCovered from the AGCP source on the various inputs.

• TA: given 𝑐,𝑛 we define two tree automata 𝑛 (with transitions 𝖥 → 𝖻𝗈𝗈𝗅, 𝖳 → 𝖻𝗈𝗈𝗅 and 𝗀(𝖻𝗈𝗈𝗅,… , 𝖻𝗈𝗈𝗅) → 𝖺𝖼𝖼𝖾𝗉𝗍) and 
𝑐,𝑛 (using four common transitions 𝖥 → 𝖻𝗈𝗈𝗅, 𝖥 → 𝖿𝖺𝗅𝗌𝖾, 𝖳 → 𝖻𝗈𝗈𝗅, 𝖳 → 𝗍𝗋𝗎𝖾, and one transition for each rule, e.g., 
𝗀(𝖻𝗈𝗈𝗅, 𝖻𝗈𝗈𝗅, 𝖻𝗈𝗈𝗅, 𝖻𝗈𝗈𝗅, 𝗍𝗋𝗎𝖾, 𝖿𝖺𝗅𝗌𝖾) → 𝖺𝖼𝖼𝖾𝗉𝗍 for the last rule of 0,3) so that pattern completeness of 𝑐,𝑛 is equivalent to the lan-
guage inclusion problem (𝑛) ⊆ (𝑐,𝑛). We then invoke the tree automaton library of FORT-h [21] to decide this inclusion 
property via its TA.Subset.subset algorithm.

We ran experiments where for each configuration 𝑐 and each algorithm we increased 𝑛 until either 𝑐,𝑛 for 𝑛 = 100 was successfully 
analyzed, or until there was a 60 s timeout when handling 𝑐,𝑛. In Fig. 2 we display the maximal values of 𝑛 (left) and the cumulative 
solved instances plot in the style of SAT-competition [22] (right).

The diagram clearly shows that our new decision procedure outperforms all other three algorithms on the test suite. Interestingly, 
also in GHC there is a strong dependence on the configuration, i.e., the execution time varies between polynomial and exponential. 
This is different for TA and CO: these algorithms always resulted in exponential behavior, independent of the choice of 𝑐.

7.2.  Non-linear pattern problems

In this section we compare the original algorithm of the FSCD paper from Section 4 (FSCD) with the new algorithm from Section 5 
(NEW). In order to evaluate these algorithms we use three different kinds of examples, each in two variations. Each positive variant 
is pattern complete and each negative variant is not. All of the examples are parameterized by some number 𝑛, leading to TRSs 𝑛.

The first two examples are the TRSs of Examples 26 and 27. Here, the positive variants are exactly the examples as they are 
presented, and the negative variants are obtained from the positive ones by adding a second constructor 𝖽 ∶ 𝜄0. In the positive variants, 
we obtain |𝜄𝑛| = 1, whereas in the negative variants |𝜄𝑛| becomes huge. Note that the encoding size of the TRSs in Example 26 grows 
linearly in 𝑛, whereas it is quadratic in Example 27.

The third set of example TRSs are encodings of the pigeon-hole principle, cf. Example 49, where the encoding of the TRSs grows 
cubic in 𝑛. The positive examples are 𝑛,𝑛

𝑝  and the negative examples are 𝑛+1,𝑛
𝑝 .

Example 49  (Pigeon-Hole TRSs 𝑛,𝑚
𝑝 ). The signature of 𝑛,𝑚

𝑝  consists of a single sort 𝜄 which consists of 𝑛 constructors. All constructors 
are constants, e.g.,  = {𝖼1 ∶ 𝜄,… , 𝖼𝑛 ∶ 𝜄}. Moreover, there is a single defined function symbol 𝖿 ∶ 𝜄𝑚+1 → 𝜄. The TRS has quadratically 
many left-hand sides, namely all terms of the shape 

𝖿(𝑥1,… , 𝑥𝑖−1, 𝑦, 𝑥𝑖+1,… , 𝑥𝑗−1, 𝑦, 𝑥𝑗+1,… , 𝑥𝑚+1) where 1 ≤ 𝑖 < 𝑗 ≤ 𝑚 + 1.

This TRS is pattern complete iff 𝑛 ≤ 𝑚. 

We perform the experiments by running both algorithms on these examples with increasing 𝑛, until either 𝑛 = 100 is reached, or 
until some TRS 𝑛 is reached such that pattern completeness of 𝑛 cannot be decided within a 60 s timeout.6

The overall interpretations of Table 1 seems easy: the new algorithm of Section 5 clearly outperforms the FSCD algorithm of 
Section 4. Still, we like to give some remarks.

5 When invoking ghc, it does not only check pattern completeness, but also compiles the program. However, the compilation time is negligible 
in our experiments. On all programs where GHC was successful, the compilation time decreased to below 0.5 s when turning off the pattern 
completeness check.
6 We actually invoke each algorithm on each TRS 𝑛 for three times, and then measure whether the average time among the three execution 

times is above 60 s.
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Table 1 
Experimental results for the non-linear example TRSs 𝑛. The numbers 
indicate the maximum number 𝑛 between 1 and 100, such that pattern 
completeness of 𝑛 was successfully determined within a 60 s timeout.

 FSCD  NEW
 pos. variant  neg. variant  pos. variant  neg. variant

Example 26 12 12  100  100
Example 27  100 11  100  100
Example 49 8  100 11  100

• In the positive variant of Example 27, even the old algorithm could quickly solve all 100 input TRSs. This is in contrast to 
Example 41 where an exponential execution was displayed. The experiments reveal that the exponential behavior is just a worst-
case scenario, and that actual implementations may find other executions with the FSCD algorithm that are quickly able to prove 
pattern completeness of these TRSs.

• As indicated in Example 46, deciding pattern completeness of Examples 26 and 27 becomes trivial due to the optimized rules for 
treating small and large cardinalities. Note that without the bounded computation of cardinalities, the negative examples variants 
cause a timeout for 𝑛 ≥ 34 on these examples, cf. Section 5.6.

• The pigeon hole TRSs in Example 49 are of shape where the transition to finite variable form is quickly performed in both 
algorithms. The negative variant can immediately be solved using (card-large), but also the implementation of the FSCD algorithm 
quickly finds a counterexample to pattern completeness. For the positive variants 𝑛,𝑛

𝑝 , both algorithms basically perform a full 
enumeration of all 𝑛𝑛 many tuples as arguments of function 𝑓 with a little bit of pruning. Here, the dedicated solver for problems 
in finite variable form working on integers (cf. Section 6.5) is a bit faster than the FSCD algorithm which does an enumeration of 
terms, but both algorithms suffer from the exhaustive enumeration.
For further details on the experiments we refer to the website with supplementary material.

8.  Conclusion and future work

We developed a new decision procedure to decide pattern completeness that is not restricted to the left-linear case. The correspond-
ing verified implementation is faster than previous approaches, in particular it performs better than the complement algorithm and 
tree automata based methods. Moreover, the implementation has optimal asymptotic complexity: the algorithm has non-deterministic 
polynomial time complexity for returning negative answers, and the decision problem in co-NP hard.

We see some opportunities for future work. First, one can integrate an improved strategy to select variables for (instantiate) 
and (instantiate”), in particular since permutations in the input cause severe differences in runtime. One can also try to further 
improve the implementation, e.g., by following suggestions of Sestoft [14, Section 7.5] such as the integration of memoization. 
The latter corresponds to a rule {𝑝𝑝, 𝑝𝑝} ∪ 𝑃 ⇛ {𝑝𝑝} ∪ 𝑃  to detect and eliminate duplicate pattern problems. Second, one might add 
counterexample generation into the formalization and into the verified implementation. Third, it remains open whether a similar 
syntax directed decision procedure for quasi-reducibility can be designed, i.e., where matching may occur in arbitrary subterms. 
Finally, one might consider an extension where it is allowed to add structural axioms to some constructors such as associativity and 
commutativity.
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