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Abstract

Okui proved that simultaneous critical pairs (SCPs) can be used as a sufficient criterion
to ensure confluence of term rewrite systems. His definitions, lemmas and proofs where
reformulated by Kirk and Middeldorp. They heavily utilize proof terms and finally arrive
at a formalized proof of Okui’s result in Isabelle/HOL. However, Kirk and Middeldorp’s
formalization lacks an executable algorithm to compute the set of proof term based SCPs
in a verified way.

In this work, we provide such an algorithm, and we further modify the formalization in
such a way, that SCPs can also be used to show commutation, generalizing the confluence
result. Our results have fully been integrated in the certifier CeTA, that now can deal with
both commutation- and confluence-proofs by SCPs.

1 Introduction

Confluence is an important and well-studied property of term rewrite systems (TRSs). Since
confluence is an undecidable property, several sufficient criteria have been developed, often
using (variants of) critical pairs. For instance, there is van Oostrom’s criterion of development
closedness [9] using critical pairs, there is Toyama’s criterion [8] based on parallel critical pairs,
and there is Okui’s criterion [6] based on simultaneous critical pairs (SCPs).

In previous works the mentioned confluence criteria have been formally verified in Is-
abelle/HOL [5]: Kirk and Middeldorp handled development closedness and Okui’s criterion
[4, 3], and Hirokawa et al. verified Toyama’s criterion [2]. Here, during the formalization some
of the criteria have been generalized from confluence to commutation. In this work, we extend
this line of research in two directions.

o We generalize Okui’s criterion from confluence to commutation, based on the formalization
of Kirk and Middeldorp.

o We develop a verified implementation of SCPs, so that Okui’s criterion can be checked
by our certifier CeTA [7].

Regarding the second contribution, note that Kirk and Middeldorp provide a definition of
SCPs that uses unbounded existential quantifiers, which makes an implementation challenging.

2 Preliminaries

We assume familiarity with term rewriting [1]. Given a binary relation —, we write —* for its
reflexive closure, —= for its reflexive closure, and <« for its inverse. Given two binary relations
—1 and —o, —1 0 —»9 denotes the relation composition of —; and —5. Relations —; and —9
commute if J¢<— o0 =5 C —3 o 7+, and they strongly commute if ;< o0 —9 € =5 o J<-. Strong
commutation implies commutation. Confluence of — is commutation where —; = —o = —,
and similarly strong confluence is strong commutation of two identical relations.
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First order terms s,t,¢,r,... € T(F,V) are build over some infinite set of variables
z,Y,%,... € V and some set of function symbols a,b, f,g,... € F, where each f € F has a
fixed arity. We assume that F and V are arbitrary but fixed within this paper. A substitution
o is a function of type V — T (F,V), and we write to for the term that is obtained by replacing
each variable z in term ¢ by o(x). A context C' is a term with exactly one hole, and C[t] is the
term where this hole is replaced by ¢. Let Vars(t) denote the set of variables of term ¢. Given
a term t and a position p within this term, t|, denotes the subterm of ¢ at position p and ¢[s],,
replaces the subterm at position p by s. For every term ¢, we use the notation FPos(t) for the
set of positions p of ¢ that satisfy ¢[, ¢ V.

A term rewrite system (TRS) R is a set of rules £ — r where £,7 € T(F,V), Vars(f) 2
Vars(r), and £ ¢ V. A TRS R is left-linear if for every rule £ — r € R the term ¢ is
linear, i.e., no variable occurs more than once in £. Given a TRS R, its corresponding rewrite
relation is defined as s —g t iff s = C[lo] and t = C[ro] for some rule £ — r € R, some
context C' and substitution . A TRS R is confluent if —% is confluent, and TRSs R and S
commute if - and —s commute. The multistep relation —e> of a TRS is defined as the
least relation such that x —evg z, f(s1,...,8,) —e>r f(t1,...,t,) whenever s; —esg t; for
all 4, and fo —e»g rd whenever £ — r € R and o(z) —e+g d(x) for all x € Vars(f). It is
known that -r C —e+g C =% for every TRS R. Therefore, strong confluence of —e+ implies
confluence of R. Similarly, strong commutation of —s and —e+%, which is equivalent to strong
commutation of —e+s and —e+g, implies commutation of R and S.

Okui’s criterion demands that a TRS R is left-linear and all SCPs s <e-»r o —x t are
joinable in a certain way, i.e., s =% o <e-r t. He proved that for such TRSs, —e+x is strongly
confluent and thus, R is confluent. Kirk and Middeldorp formalized this result and gave a
definition of SCPs that is based on proof terms, cf. Definition 2.

A proof term of a TRS R is a term A, B,... € T(FWR,V), i.e., where function symbols
can either be normal function symbols in F or rule symbols «, 3, ... where each rule symbol
represents a rewrite rule £ — r € R. Here, the arity of a rule symbol « is exactly the number of
variables in the corresponding rule. There is a one-to-one correspondence between multisteps
and proof terms, where src and tgt are operations that project rule symbols to their left-hand
sides and right-hand sides, respectively. We say that a proof term is empty, if it does not
contain any rule symbols, i.e., the corresponding multistep does not perform a single rewrite
step. Merging two compatible proof terms is performed with a Ll operation, that represents
the union of the the individual rewrite steps. The operation RP(A) provides a distinct list of
redex patterns of a proof term A, where pattern (¢, p) is part of the list, if rule « is applied at
position p in the step src(A) —e» tgt(A) that is encoded by A. The list is sorted by positions
in ascending order. The function OV (A, B) defines a new proof term that is similar to A,
however, only those redex patterns of A are kept in OV (A, B) that overlap with redexes of B.

Example 1. If R consists of rules « : a — b and B : f(h(x),y) — g(y,c,x), then
f(f(h(a),a),z) —e>r f(g(a,c,b),z) and this step is encoded in the proof term A := f(B(«, a), 2),
i.e., src(A) = f(f(h(a),a),z) and tgt(A) = f(g(a,c,b),z). Proof terms A and B :=
f(f(h(a),),2) are compatible and AU B = f(B(a,a),z) with tgt(AU B) = f(g(b,c,b),2).
The lists of redex patterns in this example are RP(A) = [(8,1), (e, 1.1.1)] and RP(B) =
[(,1.1.1), (v, 1.2)].  Since (B,1) € RP(A) does not overlap with redexes in B we obtain
RP[OV(A,B)] = [(a,1.1.1)] and OV (A, B) = f(f(h(a),a),z).

The upcoming definition of SCPs is taken literally from Kirk and Middeldorp. Note that our
main interest in this paper is to provide a verified implementation of SCPs. For the question
why SCPs are defined in the way they are, we refer to the motivation given in the original
papers [3, 6].
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Definition 2 (Simultaneous Critical Pairs using Proof Terms [3, Definition 5.2]). Let R be
some TRS. We define SCP(R) as the set of all pairs (A, B) of proof terms A and B of R that
satisfy the following conditions for suitable values of a1,p1,B,P, T, ..

1. RP(A) = [(c1,p1),-- -, (an, pn)]
RP(B) = [(8,9)]
gq=corpr=c¢

OV(A,B) = A

there are renaming substitutions o4, ,...,0q, and og such that all variables of rules
Qai, ..., Qn, 3 are renamed apart

6. €= Ihs(a1)oa, [Ihs(B)oslq

7. T is a most general unifier of {Ihs(a1)oa, = lp,, ..., hs(ay)oq, =L

pot
8 A=|]", A; where A; = (1][0;(00,T)|p; forall1 <i<n
9. B =1(1]B(0sT)]4

Here, lhs(a) returns the left-hand side of a rule symbol oe. The conditions in particular enforce
n > 1, so proof term A must be non-empty.

Theorem 3 (Okui’s Criterion using Proof Terms [3, Listing 3]). If R is left-linear and
tgt(A) =% o «e-g tgt(B) for all (A,B) € SCP(R), then —es>g is strongly confluent and
thus, R is confluent.

3 From Confluence to Commutation

Our first aim is to try to generalize Definition 2 and Theorem 3 to commutation. Basically, an
SCP (A4, B) encodes the critical peak tgt(A) <o src(A) = sre(B) —x tgt(B). In order to
generalize this setting to commutation, we just have replace one of the TRSs in the peak by
another TRS S:

tgt(A) go src(A) = sre(B) —s tgt(B).

To accommodate for this change we just have to generalize the definition of SCP(R) to be
based on two TRSs.

Definition 4 (SCPs for commutation of R and S). We define SCP(R,S) in the same way as
SCP(R) in Definition 2 with the only exception that instead of requiring that both A and B are
proof terms of R, we now demand that A is a proof term of R and B is a proof term of S.

Theorem 5 (Okui’s Criterion for Commutation). If R and S are left-linear and tgt(A) —%
o p¢o- tgt(B) for all (A, B) € SCP(R,S), then —s and —e+g strongly commute and thus, R
and S commute.

In order to arrive at this new theorem, we heavily used the existing formalization: It just
took two hours to replace each occurrence ofR by either R or S in the existing formalization,
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i.e., we needed to make these replacement in every intermediate definition, every lemma and in
every proof. The property that we made the correct replacements, and that every generalized
statement is still provable was automatically checked by Isabelle: we did not encounter a single
problem during the generalization process.

First note that Theorem 5 can easily be extended to show that joinability of SCPs actually
characterizes strong commutation of —e»s and —e+x. The reason is that one direction is
immediate: since every SCP (A, B) encodes a peak tgt(A) <o o —o>s tgt(B), all these peaks
are joinable in the desired form, provided that —e+s and —e+x strongly commute.

Corollary 6 (Strong Confluence and Strong Commutation via Simultaneous Critical Pairs).
Let R and S be left-linear TRSs.

o The relations —e+s and —e+g strongly commute if and only if tgt(A) =% o e tgt(B)
for all (A, B) € SCP(R,S).

o The relation —e>g is strongly confluent if and only if tgt(A) —% o <o tgt(B) for all
(A,B) € SCP(R,R).

As a consequence of the corollary, we see that joinability of simultaneous critical pairs sub-
sumes every criterion for left-linear TRSs that proves strong confluence (or strong commutation)
of the multistep relation(s), e.g., the criterion of development closedness.

Further note that Theorem 5 is not symmetric, i.e., when actually trying to prove commu-
tation of R and S, one should try to apply Theorem 5 for R and S as stated, but also in the
setting where the roles of R and S are swapped.

Finally note that for Okui’s confluence criterion it is not known whether one can restrict
Definition 2 in such a way that the single step is always at the root position (as it is done for
parallel critical pairs), i.e., replace the disjunction ¢ = ¢V p; = ¢ in Condition 3 just by ¢ = ¢.
At least for commutation, we show that such a modification is not possible.

Example 7. Let R = {a: f(a) = b} and S = {5 : a — ¢}. These TRSs do not commute since
b fla) =s f(c), and b and f(c) are not joinable.

If however we replace Condition 3 by q = €, then SCP(R,S) must be empty. Otherwise,
there would be some (A, B) € SCP(R,S). But this implies that B must be B3, i.e., src(A) =
src(B) = a, and hence A must be an empty proof term, violating the conditions in Definition 4.
But if SCP(R,S) = () with the modification, it shows that Theorem 5 becomes unsound.

4 Implementing Simultaneous Critical Pairs

Our main aim was to be able to use the existing formalization for enabling support of Okui’s
criterion in CeTA. To this end, two tasks have to be solved: first, one needs a verified algorithm
that actually computes SCP(R) (or SCP(R,S) for commutation), and second one needs to
check the joining sequences that are provided by automated confluence and commutation tools.
Checking left-linearity of R and S is trivial.

For the second task, all the machinery is already included in CelA, i.e., tools just need to
output for each simultaneous critical pair (s,t) a joining sequence of terms s —e» u; —e> ug —o%
... —o> u, <o t, so that s —»* u,, <o t can be concluded. Here, CelA takes care of mismatches
in names of variables in SCPs, e.g., by using different renaming substitutions, etc. Moreover,
trivial critical pairs (¢,¢) can be omitted in certificates, too.

Hence, it remains to solve the first task, an implementation of Definition 2 (or the more
general Definition 4) for finite TRSs. For presentation reasons we only speak about Definition 2
in the sequel, though the formalization covers Definition 4.
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The first step we performed, is to actually change Definition 2, so that SCP(R) becomes
finite for finite TRSs. Definition 2 has the problem that there are infinitely many possible SCPs
which just differ by a variable renaming. The problem is that with the existential quantifier one
has to consider all renaming substitutions, and also every most general unifier 7. This problem
is already partially solved in the Isabelle theories: there, the renaming substitutions are not
arbitrary, but they are uniquely computed by some renaming algorithm, and this renaming
algorithm is a parameter of the SCP definition. To deal with unifiers, we changed Condition 7
in a way that also the most general unifier 7 is not an arbitrary one, but it is the single unifier
that one gets from a fixed unification algorithm. Fortunately, this change did not require any
big adjustments in the formal proof of Theorem 5.

Note that it is not immediately clear how to resolve the remaining existential quantifiers
in Definition 2. For instance, A is defined via A; where A; can be computed only if (o, p;) is
known (Condition 8), and (v, p;) is obtained from A (Condition 1). In order to break this cyclic
dependence, we show that for finite TRSs there are only finitely many possibilities to choose
the values of «; and p;. To this end, we use an alternative characterization of Condition 4 based
on positions: condition OV (A4, B) = A is equivalent to

V1 <i<mn. {pip|p€ FPos(lhs(x:))} N{ap | p € FPos(lhs(B))} # 0.

Using this equivalence it will be possible to enumerate all possible redex patterns in Conditions 1
and 2 without knowing A and B.

Let us consider the easier case ¢ = ¢ first. Here, Condition 2 can be simplified to g = e A S €
R, so an enumeration over all finitely many rules of R is possible to cover all possibilities to
choose ¢ and 3. Since ¢ = ¢, condition OV (A4, B) = A simplifies further to

V1 < i <n.p; € FPos(lhs(B)).

Hence, also for RP(A) there are only finitely many possibilities, since the positions are taken
from a finite set and there are only finitely many rule symbols. Instead of blindly enumerating
all these possibilities, we use the following algorithm rp that takes a term ¢ as input and
returns a set of lists of redex patterns, namely those lists that correspond to proof terms where
all redex patterns overlap with function positions of ¢. Here, & denotes list concatenation and
unify-vd(s,t) denotes that s and ¢ unify after making the variables of these terms disjoint.

o mp(x) = {[1}

hd rp(f(th ce 7tn)) = (Up51Erp(tl),...,psnETp(tn) @1§z§n[(5’ Zp) | (ﬁvp) € psl])
UlUactsreR, unify-vd(e, £ (b1, tn)) TP-T00Hf(E1, - tn), o, )

b Tp—?”OOt(t, a, e) = Upsl erp-sub(t,p1),...,psn Erp-sub(t,py) [(OZ, 6)] & ®1§i§n [(a7 plp) ‘ (OZ, p) € psl]
where p1, ..., p, are the variable positions of ¢

o rp-sub(t,p) = rp(t]p), if p € FPos(t), and rp-sub(t,p) = {[]}, otherwise

In the equation for rp(f(t1,...,t,)) on the left of the U-operation we compute the redex patterns
for those multisteps that do not perform a root step, and on the right of the U-operation are
those redex patterns that include a root step. Here, the unification condition restricts the set
of potential rules. For the root step itself, in rp-root we insert the redex pattern («,¢) for the
root step at the front of the list, and then gather further redex patterns that are below variable
positions of the left-hand side ¢. Note that the case analysis in the definition of rp-sub(t,p) is
essential, since p is a variable position of ¢, and this is not necessarily a position of ¢.

The algorithm 7p and its auxiliary algorithms terminate, and it is characterized as follows.
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Theorem 8 (Soundness of p). Let R be left-linear. For every list ps and term t the following
two statements are equivalent.

o ps € rp(t).
e There is some proof term A of R such that

RP(A) = ps A (Y(a,p) € ps. p € FPos(t) A unify-vd(t|,, lhs(a)).

With the help of Theorem 8 we proved that SCPs with ¢ = ¢ can be computed as follows:
e Pick every rule symbol g of R and fix ¢ = ¢.
e Pick every non-empty list [(a1,p1), ..., (an, pn)] of rp(lhs(8)).
e Compute the remaining objects of Definition 2 following Condition 5 onwards.

For the case q # ¢ we perform the following steps to compute the SCPs, again based on rp.
e Pick every rule oy : £1 = r; € R and fix p; = €.
e Pick every q € FPos(¢;) satisfying q # «.
o Pick every rule § € R such that unify-vd(lhs(5),¢1]q).

e For each ¢; from variable positions ¢o, ..., qx of aq, pick every gs; from rp(lhs(8)|,) and
define ps; = [(v,q:p") | (v,p) € gsi] if ¢ = gp and p € FPos(lhs(B)) for some p, and
define ps; = [], otherwise.

E
Define (a2, p2), ..., (@n,pn) such that [(ag,p2), ..., (an,pn)] = B, vsi.
e Compute the remaining objects of Definition 2 following Condition 5 onwards.

The function sim_cp_impl of the IsaFoR library implements all these steps (using lists instead
of sets) in the general case of Definition 4, and we verify that it exactly computes SCP(R,S).
Moreover, the implementation is optimal in the sense that whenever the list representations of
R and S are distinct, then so is sim_cp_impl(R,S). In particular, no critical pair is computed
twice, since the implementation does not perform any explicit elimination of duplicates. We
further tuned the implementation in a way that certain elements are precomputed, e.g., the
variable positions of each left-hand side are only computed once.

We also integrated certificate generation for Okui’s criterion in CSI [10], and because of
our efforts, CSI is now able to produce certified proofs for three TRSs from the ARI-COPS
database (# 419, # 463, and # 464), where prior to this work no certified proof was known.
The generated proofs are verified by CelA in a fraction of a second.

Both the formalization and the certified confluence proofs for the three TRSs are available
on the following website. The website further includes links to the formalized definitions and
theorems of this paper.

https://isafor-ceta.uibk.ac.at/experiments/iwc2026/
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